QUATERNION DEVELOPMENTS WITH APPLICATIONS* 


BY 
JAMES BYRNIE SHAW 


INTRODUCTION. 


This paper is an extension of the quaternion algebra along lines analogous 
to those of a preceding paper.t Certain functions of one or more quaternions 
are studied in detail, all of them independent of the orientation of the unit 
axes, 1,7, 7, k. The notation is functional and seems preferable to the use 
of brackets such as those used by Hamittron,{t who, indeed, called his 
notation temporary. We seem to have here a natural method for treating 
several functions that occur frequently in analysis. For example, if we 
represent quaternion numbers by vectors in four-dimensional space, as 
was done by Strincuam§ and Hatnaway,! these functions are expressions 
for geometrical relations which are independent of the particular system of 
rectangular axes used. These expressions are useful in electrodynamics and 
in relativity problems. They include the Hamiltonian [ab], (abe), [abe], 
(abed) , and the equivalent forms used by Joty,{{ and ScoRUuTKA voN REcutT- 
ENSTAMM.** 

The development of these formule enable us also to formulate certain dif- 
ferential operators of frequent occurrence, which, from their nature, produce 
expressions, each invariant under orthogonal transformation in the sense that 
after the transformation has been performed on the various quaternions of 
which it is a function, the result is the transform of the initial function (§ 8). 
Certain of these forms are also invariant under any linear homogeneous trans- 
formation. Similar forms were used by MacManon77 in the study of the 
ternary and quaternary invariants and covariants under orthogonal trans- 
formations. The study of differential parameters and their syzygies is made 


* Presented to the Society (Chicago), April 8, 1910, and April 28, 1911. 

tAmerican Journal of Mathematics, vol. 19 (1897), pp. 193-216. 

t Elements of Quaternions, 2d ed., vol. I, page 563. 

§ These Transactions, vol. 2 (1901), pp. 183-214. 

|| These Transactions, vol. 3 (1902), pp. 46-59. 

{ Manual of Quaternions, page 264. 

**Wiener Sitzungsberichte, vol. 115 (1906), Abt. Ila, pp. 739-775. 

tt Proceedings of the London Mathemat ical Society, ser. 2, vol. 1 
(1904), pp. 210-229. 

Trans, Amer. Math. Soc. 18 279 
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simpler by the use of these forms, and the symbolic invariants of MascHKe * 
appear as a natural part of the development. Two differential operators are 
introduced which are the extensions of the quaternion V to space of four di- 
mensions and to curvilinear three-dimensional space. 

Up to the present time, the greater part of the development of the quaternion 
algebra has been in terms of scalars and vectors rather than in terms of quater- 
nions proper. This often introduces prolixity in the development. It is hoped 
that the present paper will present some fruitful extensions along the more gen- 
eral line. In the expansion of the forms appearing here it will be evident that 
they are of the nature of determinants and pfaffians. That other forms 
might be studied is of course self-evident, but these are the ones of most 
frequent occurrence in the functions of geometry and physics. However the 
developments below are on the formal side and valid irrespective of the inter- 
pretation of the quaternions. 


Part I. FuNDAMENTAL FORMUL2. 


1. Throughout the paper italic letters will be used to represent quaternions, 
which may occasionally reduce to scalars or vectors. The conjugate of a 
quaternion gq will usually be denoted by q’ , but the conjugate of an expression, 
as qrs, will be denoted by K - qrs. 

2. We notice that the quaternions wv’ and v’ u are important, particularly 
on account of the relations shown in the formule 


uv’ =S- uv’ + VuSv — VrSu — VVuVo, 


which resolves uv’ into three parts whose products have vanishing scalars; 
and if l and m are scalars, 7 


uv’ (lu + mv) = u (2Suv’ + mT*v) — WT? u = (lu + mv) vu, 


which shows that any quaternion of the form /u + mv is converted into another 
of the same form by left-hand multiplication by uv’ or by right-hand multi- 
plication by v’ u. Also uv’ and v’ u differ only in their axes, having the same 
tensors and angles. The quaternions wv’ and vu’ however differ only in hav- 
ing opposite angles. If r= lu+ mv, we have w’r — rv’ u=0. 

3. We define first the two functions 


I - uw = 3 (ur + ww’), As + uv = 3 (we’ — wu’). 


The first of the two functions is obviously a scalar, since it is the sum of a 
quaternion and its conjugate, and the second is a vector. Indeed, 
u u 


Il-w=S- wu’=T*s-S- >? As - uw = Vur' = T20-V- ” 


*These Transactions, vol. 1 (1900), pp. 197-204; vol. 7 (1906), pp. 69-80. 
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From the definitions we have at once 
I-w=-l-w=l-wet=I-o' wn’, As «uv = — Ao- vu. 


The latter expression is alternating and therefore vanishes if u is a scalar 
multiple of v. If we write p = UVVuVz2, we find with no difficulty that 

Ao: u'v’=p- Acuv: p?. 
Hence A: - uv differs from A, w’ v’ only in direction. By expanding the two 
sides of the equations, we find that 


utAs-uv-u= Ag-v' wu, vt. As-u-v= — Ag: u'r’. 
The two forms used by Joly are, in this notation, as follows: 
(uv) = Su — uSv = § (Ag+ wu’ vo’ — Ag+ ur), 
[uv] = VVuVo = 3(— Ag+ wu’ v’ — Ay: ur). 
The single form given by Hamilton, [ wv], is twice the corresponding one 
given by Joly, that is, is 2 VVuVe. 
If I - ww = O we shall speak of wu and v as orthogonal. The solution of the 
two equations which express that r is orthogonal to both wu and 7 is 


r=2(ur’—v'u)ty (w' uw’ — w' vu), 


where x and y are arbitrary scalars; for, this value of r satisfies the two equa- 
tions, and r can depend only upon two arbitrary parameters. 
4. Passing now to three quaternions, we define the functions 


Ai: uw = 3 (ur wt wr’), A3 + uvw = § (ur w — we’ u). 
It is evident that A; - ww = A;- weu. Also 
Ay: wow = 3 (vw! ut we’ u — ow’ w — vw! ut ur’ wt ou’ w) 
=ul-w-—vl-wu+uwl- w. 
Again from the definition it is obvious that 
A3 - uvw = — Ag+ wr. 
Since we have identically 2uI - ww = 21 - ww -u, we have by expansion the 


identity 
uv’ w+ uw’ v = ww’ ut wr’ u, 


from which by transposition, and by reapplying the result, we arrive at 


uv’ w— we u= vw u— uw’ v = wu’ v— vu’ w. 
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Therefore, returning to the form A;, we have 
As - uvw = Az vwu = Az + wuv = — Az~ wou = — Az: uur 
= — A;- vuw. 
This function is therefore an alternating function of u,v, and w. It vanishes 
if they are linearly connected. Joly’s form [wuvw] is in this notation 
A; u'v' w’. His form (wow) is SA; - wu’ v’ w’. We may expand in the form 
A3 + uvw = 3 [ue w — ww! ov + ww! u — eu w+ wu’ vo — wr’ u) 
= $ [wA,- vw’ + vAn- ww’ + wag: u'd'). 


This form shows that the function is of the nature of a determinant.* Again, 
I -wA3- usw = O=1- rAz- www = 1- wAs- urw. 
For, if we expand I - wA; + uew we have 
2 fu’ uv’ w— wwe ut w' eu’ u — w' ww’ ul 
=F [wul-w-—wl-w-uj=0. 

A similar proof holds for v and w. Hence the solution of the three equations 
expressing the orthogonality of r to uw, v, w, is r = xA3 + wow, where 2 is an 
arbitrary scalar. 

We see also from these equations and the expanded form of A, - uew that 
we may resolve uv’ w into two orthogonal parts: 


uv’ w = A, - uvw+ Az: uvw. 

If A; - www = 0, we have wv’ w + wr’ u = 0, whence 
uv’ wo’ v + we’ uw’ v = 0 = wi’ uw! w+ wo’ we’ u. 
Adding the two sides of this double equality we have 
[wo’ we’ + we’ (wo t+ vo’ w) + ov’ wo’) u = 0. 
This gives easily we’ ul - ew = 0. Similarly we find that wo’ wl - uw = 0. 
Hence either we must have I - ew = 0 = I - uw or else wv’ w = 0 = wr’ uw. 
The latter cannot hold unless T? u~, or T? v, or T? w vanishes. Then if the 
quaternions are real we must have, when A, - uew = 0, the three equations 
I-uv=0=1- ww = I - cw, and the three quaternions form an orthogonal 
system. 
We find that t 

TA, - uew = V (luul ow + look wu + Tow? wo — 2IurlewI wu) 


= TA, - wu= 


*Cf. Jory: Transactions of the Royal Irish Academy, 1902, 32A, Part 


II, pp. 17-30. 
t The period following I and A will be omitted when no confusion can result, just as it is 


after S and V in treatises on Quaternions. 
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Since T? we’ w = 1 when wu, v, and w are unit quaternions, and 

T? uv’ w = T? Ay - urw + T? Az - urw, 
we might call TA; - uew the cosine of the triple u, 7, w and TA; - urw the 
sine. The latter for geometric reasons could also be called the Staudtian. 


Moreover, 
Tuu luv luw 


T? As - usw = 1- Az- urwA3- urw= Ivu Iw = Irw 
Iwu lure lew 
5. If we write out each quaternion in terms of 1,7, j, & we find that 
1 z j k 
uo uj Uo U3 
A3: uvw = 
Vo M1 2 3 
Wo Wy Wo Ws 
From this we have at once 
I - tA3 - wrew = | to Uy v2 Ws 
Also from the properties of determinant multiplication we have the important 


formula 
: l\Iau Iav law 


1- A; - abeA3- urw = Ibu Ibv Ibw . 


'Ieu Iev Tew 
We may also easily verify that 
—u —v —w'i 


A; - beA3 - uvw = Ibu Ibv Ibw 


Icu Iev Iew 
Hence we have at once 


I - aA; beA3 uvew = — IA; abcA; uvw. 
6. Some useful formule are 
Ao + Ao uvAg wx = — Ay uwlox + Ae urlow + As vwlux — Ao valuw, 
A, - uA3 vewx = — A, vwlux — Ag wrluv — A, zrluw, 


nan) « Pe Fr af , 
A; uow - u’ = uA3u' v' w’, 


Az + As uvAg vwAg wu = T? Az uvw. 
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7. For four quaternions we define the three functions 
1 - wwe = IuA, owe = Luvlwe — Tuwlox + Iurlow 
= 2 (ye we! + ua’ we’ + ow’ eu’ + ou’ ew’) = 4 (S> we’ we’ + S- ow’ ru’). 
4 2 
Ag: uowe = — TuA; vwr = 3 (w0’ we! — uz’ wo’ + aw’ vu’ — ww’ xu’) 
=3(S- wu’ we’ —S-ww' au’). 
As + uvwa = 3 (uv’ wa’ — aw’ vu’) = V+ ur’ we’. 
Evidently in Iuewx we may permute the four quaternions cyclically, or may 
reverse the order. Ay, is an alternating function. In A, the order may be 
reversed by changing the sign. Iwvwz is a pfaffian, for it is the square root of a 
skew symmetric determinant of even order; indeed we have by actually squar- 
ing the expanded form, 


0 luv luw lux 

— Ivu 0 Ivw Ive | 
(Iuewe )? = , 
—Iwu — lwo 0 Iva) 


| 


—ITau —Ia —Ixew 0 

8. If now we define a function A; - wewry in the same manner as above it will 
be alternating and vanish, since any five quaternions are linearly connected. 
Indeed the vanishing of this expression gives us the important identity 

uA, vwry — vA, uwry + wA, urry — rAyguowy + yAguowe = 0. 
Operating by I - z( ), where z is any quaternion, we find the important identity 
zA,owry = — Az wrylez + Az vrylwz — Az vwylrz + A; owrlyz. 

We define further 

Ai + uowry = 3 (uv’ wa’ y + yo’ wr’ uv), 

A; + uvwry = § (w’ we’ y — yr’ we’ u). 
Functions like these and the even numbered functions I, A,, Ay may be 
defined for any number of quaternions, and are useful in reductions. 

As previously stated, all these forms are invariant or pseudo-invariant 
under the substitution of aqgb for ¢, where Ta = Tb= 1. This is evident 
by mere substitution in the definitions. For example, 

Ao uv = a’ Ay (aub) (arb) - a, A, uew = a! - Ay (aub) (avb) (awb) - bb, 
A; + uvow = a’ - A; (aub) (avd) (awb) - b’, 


while I - wv, I - wewx, Aq - wvwe are invariant. 

The functions A; wow and A, wewz are invariant under any linear homogene- 
ous substitution, in the sense that such a substitution merely multiplies the 
function by the determinant of the substitution. 
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Part IJ. DIFFERENTIAL OPERATORS. 


9. Let us suppose that the coérdinates of a point in space of four dimensions 
are w, 2, y, 2, corresponding to the real or scalar axis and the vector axes 
i,j,k. We then define the differentiating operator * D as follows: 

D ee ee eee 
=- ‘= om ee 
ow On J Oy Oz 
In physical applications it would be desirable to define this operator directly 
in physical terms, and in geometry in geometrical terms, but for the present 
formal developments this definition seems simpler. It is obvious that if the 
quaternion g becomes q + dq, where 


dq = dw + idx + jdy + kdz, 


then the operator 


0 0 0 
- ded = dw se 
I - dgl du oe dx om + dy ay +d 


0 

Oz 

gives the differential change in Q, any function of the position q, due to the 
differential change dq. If Q is a scalar function of position and its levels 
given by Q = c, then the change in Q which is greatest will be normal to these 
levels and will be given by DQ itself. Let 


Q=W+iX+jY+kZ. 


aw aX oY OZ 
dw ” Ox oy dz" 


Then 
I- DQ= 


We might call this the divergence of the function Q. Its vanishing gives an 
equation well known in hydrodynamics, the equation of continuity. In this 
case we take Q = p (1+ oc) where a is the velocity, p the density, w the time. 
If we combine D with itself we have 
2 2 8. @ ry FF BF 8B 
I-DD=—+=,+= 7 I- DD’ = —— = — a — a8 
Ou?” Ax? + oy" , dz?’ Ow ax” Oy? Oe" 
The first is the extension of the Laplacian to four dimensions and leads to what 
may be called four-dimensional potential functions. We have an example of 
the vanishing of these differential forms in the differential equation of wave 
motion, which if we set w = at may be written 


I-DD-u=0, or I-DD’-u=0, 


according as the term containing the differential of the time is negative or 
positive. 


*This is the operator lor of Minkowski, Mathematische Annalen, vol. 68 
(1909-10), pp. 472-525. 
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The first partial derivatives of a scalar function Q as to the coérdinates, 
are the codrdinates of the quaternions 1,7, j,k in DQ. The second partial 
derivatives would be the coefficients of the dyads in DIDQ. In fact, the 
scalar invariants{ of the linear quaternion differential operator DI- D(), 
namely M,, M2, M3, M,, lead not only to the Laplacian, but to other forms 
of operators, all of which are invariant under orthogonal transformations 
of the axes 1,2, 7, k. 

We have 


A» D¢ = i( 


aW aX , aY aZ +; aw oF 5. aZ =) 
Ov Ow Oz oy Oy Ow Ox Oz 


aW @aZ, aX aY 
+k/ dz “ter ay iz) 


a aW aX , aY aZ : aW , aY , aZ ax 
AD'e= i(- Ox + aw * az , )+4(- oy Tint ax =) 


aW  aZ.,aX ay 
+k(- =i? dy x) 
We may say that if A, DQ = 0, Q is leftward irrotational, if A, D’ Q’ = 0, 
then Q is rightward irrotational. The expressions Az we may speak of as 
left curl and right curl. If both vanish we may speak of Q as irrotational. 
The rotations here are of course planar and not axial. As an example of the 
use of these forms, let Q = g — A be a quaternion potential function, ¢ being 
a scalar potential, and A a vector potential. Then 
A, DQ = Ve+ 0A/ w+ VVA = —ax+y, 
A, D’ Q’ = — Ve — 0A/ dw+VVA= 24+ y. 
Thence 
2x= A, D’ Q’ — A: - DQ, 2y = A.D’ Q’ + A. DQ. 
From the identity A; DQD = 0 we have, taking scalars, S - VDVQVD = 0, 
or 
Svy = 0. 
Taking vectors we have 
V (A, DQ - D+ DA, D’ Q’) = 0, VD’ (—«+y)+ VD(a+y)=0, 
that is, 
oy 


dw 0. 


Vvr+ 
Both equations are thus included in A; DQD = 0, an identity. 
Setting 2DA, - Q’D’ = A, DQ - D — DA, D’ Q = 2¢, we have, by taking 
scalars, 
Sv2z = — Sq. 


t These invariants are coefficients of the characteristic equation; cf. Jory, Manual of Qua- 
ternions. 
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Taking vectors we have 
Ox 
V =—Vq. 
vy + ow 4 


These two equations arise thus from a single equation. 
Now if we set in these formule w = V — 1 - et, and in the first place set 


, 


x=—-V-—1-E,y=H,S8q=V —1- p, we have the common equations 
of the electro-magnetic field.* If we set in the next placex = — V —1-E, 
y= B,orz=H,y=—-—V = h-D, respectively, we arrive at the vectors 
called by Minkowski f electric force of rest, and magnetic force of rest, 


R= 5 (As DQ 7 oe rAs D’Q’), S = As DQr, 
provided r is the velocity given by 
Vv—-l-r=(1-—v—-—1-q)/vV (1-(). 


If we start with such equations as the familiar ones 


dE oH 
VvH — 3 = SVE =-—p, VE+ =” 0, SvH = 0, 


we may reduce them to the present forms. We have first 


dE , oH 
VH — 55 = po, —ky+ a = p. 
Adding these, we have the single equivalent equation DH — ED=q. If 


H = VVA, and E = Ve+ 04/ dt this reduces with little trouble to 
D’ ID’ Q — IDD’ - OY = 2¢. 


Formule for the extensions of Stokes’ theorem and Green’s theorem will 
be found in the reference to Joly below.t 

When we operate on Tq~ or (qq’)~! the operator IaD will give the hyper- 
spherical harmonics, and the results are susceptible of interpretations similar 
to those for three dimensions. The introduction of doublets follows analogous 
lines. These applications can only be mentioned.§ 


*Cf. Lewis, Proceedings of the American Academy of Arts and 
Sciences, vol. 46 (1910), pp. 165-181; M. Apranam, Rendiconti del Circolo 
Matematico di Palermo, vol. 30 (1900), pp. 33-46. A. SommerFreLp, Annalen der 
Physik und Chemie, ser. 4, vol. 32 (1910), pp. 749-776; vol. 33, pp. 649-689. 

t Minxowsk!, Géttinger Nachrichten, 1908, pp. 53,111. The imaginary is not 
really necessary. 

tProceedings of the Royal Irish Academy, ser. 3, vol. 8 (1902), pp. 6-20. 

§ Cf. Jory, Appendix to Hamitton’s Elements of Quaternions, 2d ed., Appendix 13. Tarr, 
Scientific Papers, vol. 1, 37-42, 134-135, 136-150, 176-193, 234-236, 280-281; vol. 2, p. 312; 
Quarterly Journal of Mathematics, vol. 6 (1864), pp. 279-301. McAvtay, 
Messenger of Mathematics, vol. 14 (1884), pp. 26-37; Proceedings of the 
RoyalSociety of Edinburgh, vol. 18 (1890), pp. 98-123. 
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10. We pass now to the development of certain differential formule for 
three-dimensional curvilinear space, or what is the same thing, quaternions 
depending upon three parameters. This is equivalent to considering the 
three-dimensional space in a flat four-dimensional space, so that the problem 
becomes that of the differential geometry of curved three-spreads in four- 
dimensional space.* Let us suppose, then, that 


q=f (m1, Ue, Us). 
This equation will limit g to a certain three spread. We shall write 


nu = v ' q2 = =. q3 = ~., dq = qi du, + qo duz + qz dus. 
The quaternions q:, g2, 93 are independent, as the parameters are essential. 
Let the quaternion A; qi ¢2q¢3 = n. Then n is the normal at q to the three- 
flat tangent to the three-spread, since Inq, = 0, Inq. = 0, Ingz = 0. The 
differential dq lies in the tangent three-flat. 

11. We shall indicate the quaternions 





— A3 qo 3 — Asnqaq — A3nqi qe 
Inn : 


’ 


Inn Inn 


respectively by G1, 2, and q3. These give at once 
Iqi qi = 1, Igigi= 90 (i $3), Ing: = 0. 
Any quaternion in the three-dimensional space may be expanded in the forms 
r=qlart glqrt qslgsr = ga Iart qIq27r + Qs Igsr. 


We now define the operator 


a.. a 


a) oe - ‘e 
s=h Ou, + re 13 ou5° 


We have by substitution of values the operator 


IdgA = dus sy + dug sa + dus =. 
That is to say, the operator IaA gives the rate of variation of any operand due 
to a variation in the three-spread of q in the direction a, where a is a unit 
quaternion. It is evident again that if Q is a point function defined for the 
three-spread, a scalar let us say at first, then it will have certain level surfaces. 
The quaternion AQ gives us then the rate of maximum change, which will be 


the normal to a level surface. The operator A is thus the extension to curved 4 


* Thus, if g is to terminate on a hypersphere, we might write 


QQ =Ujituj tusk +V (a —u? —ui ~ ui). 
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space of the operator V for flat three-dimensional space. We proceed to show 
that it is invariant under transformations of the parameters. To do this let 


U1 = gi (%1, %, U3), U2 = g2 (M1, Me, U3), Uz = g3 (1, te, ts), 
where the functions ¢ are differentiable and without singularities at the points 
considered. Then 


0 ( v1, %) a 
Ao q2 93 = LAs div Y20 * — a (a = ‘ +), 


0 ( U2, U3)’ 
Thence building up A, we have A, = A,. Also we have 
Un, = UAs qi d2 gs = UAs (G1) o (G2) (93) = Une. 


The normal is thus an invariant under transformation of the parameters. 
It follows naturally that such linear operators as I1()A+-Un, I1() A+ Az 
and powers and combinations of these are also invariant. As an example, we 
see that the function IaA - Q gives the rate of variation of Q at the point 
in the direction a. The axes of this function are the directions of extremal 
variation and the roots are the rates of such change, at least if the function 
is self-transverse. If we lay off in each direction the value of the function 
(when Q is a scalar) the points so determined will have a hyper-quadric for 
their locus. The method of treatment differs little from the corresponding 
case for three dimensions. 

Again consider the function N=I()A-Un. This is evidently the rate 
of change of the unit normal at the point. From the character of A it 
is self-transverse. Hence the axes are orthogonal and are the directions of 
the curvatures (reciprocals of the radii) at the point. The roots are real and 
are the curvatures themselves for real quaternions ¢1, 92, 93. One root 
is zero, the corresponding axis being the normal. The usual scalar invariants 
of N are therefore the mean curvature, the second mean curvature, and the 
total or Kronecker-Gaussian curvature. The mean curvature (as in the 
similar three-dimensional case) is IAUn. The second mean curvature and 
the total curvature are respectively 


I - Az nd’ A” Az n Un’ Un", TA; A’ A” A’” Az Un’ Un” Un'"’,~, 


where the accents are dropped after the expansion. 

12. Since Au’, Av, Aw, -+- are invariant, also TAu, TAv, --- are invari- 
ant. Indeed it is evident that the differential parameters of the first order 
for the functions wu, v, --- are, in the usual notation for differential para- 


meters, 
A, u = JAudAu, Ai (u, v) = TAudv. 


In addition to these we have the following extensions of the Darboux 0 (1, v) 
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for two dimensions to three dimensions: 
As Aud, A; AuAvdAw, A; AuAvAw, 
giving the respective parameters 
TAs AuAvA, Audr, I - A; AuAvAwA, AuAvdAw, IA; AuAvAwA; AudvAw , 
TAuAvAwAr, TA, AuAvAwArA, AuAvAwAdz. 


The form A, AuAvAwAz vanishes identically. 
The formule of part I give various syzygies connecting these, for example 


I - AuAvAwAx = A; (u, v) Ay (w, 2) — Ay (u, w) A, (2, x) 
+ Ai (u,2) A, (v,w). 


Since Aw is the normal in the three-spread for the levels of the scalar function 
u, the parameter of first order of uw, A; u, is the square of the length of this 
normal. The differential parameter of first order of u and v is the projection 
of the normal to the level of either, on the other, multiplied by the length of 
the latter. If it vanishes the levels are orthogonal. The interpretation of 
the other forms follows the exactly analogous forms for V in a flat three- 
dimensional space. 

13. Any parameter of the first order is itself subject to operation and we 
arrive thus at compound forms such as [AuwA (A, u). We are led thus to 
consider operators such as @=1()A~- Au. The first scalar invariant of 
this linear quaternion operator is [AAw, which is the well-known differential 
parameter A, uw. It vanishes if u is a solution of the generalized Laplacian 
equation. Indeed if the space becomes flat and the position is determined by 
p instead of q, the second differential parameter becomes — V*. If the lines 
Ui, U2, Us are isothermal, we have a simplification which is not difficult to 
follow. The second invariant of © is 


TA; nd’ A” A3 n7 (Au)’ (Au)”. 


This can be expanded in the usual manner for the coefficients of the charac- 
teristic equation of a matrix or linear quaternion operator, in the form 


} (TAAu)? — Id’ A” uld’ A” uw. 
It is the well-known parameter As. u. Finally the third invariant is 


— % 1A; A’ A” A” A; (Au)’ (Au)” (Au)’”’. 


This might be called the parameter Asoo wu. The fourth invariant vanishes 
identically. 

The function @ is the rate of change in any direction of the vector rate 
of change of the function which is itself the normal to a level of the function. 
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14. If we consider only the direction of the normal of the level, we have the 
function Z = I () A - UAuw, which gives the rate of deviation of the normal 
direction. There are now only two invariants that do not vanish identi- 
cally, and these determine what may be called geodetic curvatures. The 
first invariant is IAUAu, the geodetic mean curvature. The second is the 
expression 

IA; nd’ A” A; n™ UAw' UAw’’. 
These are the extensions of the usual geodetic curvature for two dimensions. 

15. We notice next the fundamental forms or covariants of different-orders. 


The first is 





Idqdq = Tq: qi du; duy + 221 qu qe du; due. 


The coefficients Iq;q; correspond to the E, F, G of the geometry of sur- 
faces. They are expressible as parameters, for example, 


Iq: gi = IA 3 nAue Aus Az nAu3 Au. 
Other covariant forms are 
Idqdr, Asdgqdr, A;dgqdrds, A3dqdrds, Idqdrdsdt, Az dgdrdsdt, 
Ao ndq, Ai ndqdr, As3ndqdr, Az ndqdrds, As ndqdrds = 0. 


Denoting differentiation as to u; by the subscript 7 we have, from 


IUnUn = 1, 
IUn (Un); = 0, 


IUn (Un); = 0, IUn (Un);; = —1(Un); (Un); (4,7 =1, 2,3). 
Since Ing; = 0, therefore 
Ingi; = — Ing; = — Injqi. 


In this we might also have written Un instead of n. We arrive thus at the 
extensions of the D, D’, D”’, of two dimensions. The Christoffel symbols are 


kl kl " 

| ; | = Tqiqur, ; = IqpAu; = Iquigi- 
(ikrs) = IA; n7 Un;UnzAgnqrgs . 

Differentiating these and remembering that also A is subject to differentiation, 

we arrive at the symbols of higher order. This is the covariantive differenti- 


ation of Maschke.* 
The second fundamental form is 


IdqdUn = IdqNdq = 21qi (Un); du; du; + 2219; (Un); du; du;. 
+ MAscHKE, loe. cit. Also these Transactions, vol. 4 (1903), pp. 457. 
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This form vanishes for the asymptotic directions, or the principal tangent lines 
of the three-spread. It is worth noting that the differential equation of the 
lines of curvature is AgdgNdqg=0. This corresponds to the similar form 
for surfaces Vdpgdp = 0. 

16. The symbolic invariants of Maschke are easily expressed in these forms 
by noticing the following equivalences * for his symbols 

fi= Usa, fife = Uqiltqe = Wqiqe, fer = Uequr. 
(f) = Ag Ung & fs, 
whence 
(f)? = 3! 1UnUn = 3!, (uf) = Ay nAug; fo. 
(fu) = Ay UndAw’ Au” &, 


whence 
(uf)? = 2TAuAu = 2A, wu. 


((uf), f) = Ag Und (Ay Undugy f2) 1 fo = 21UnUnTAAu = 2A, u. 


Not to elaborate too far, we need only to remember that each ( ) is an Aq, that 
u,v, Ww, x, ete., are functions of g such as we have been using, that for every 
f or like symbol we substitute I¢q, for subscripts we differentiate as to the 
corresponding uw. All the Maschke symbols for four dimensions become at 
once interpretable in this system. The vectors of INGoLp f are the quaternions 
appearing in these forms, his formule being analogues of Maschke’s, not 
equivalents. The ordinary formule hold of course for these quaternions, but 
the Maschke forms are all scalars and commutative, and are the scalar forms 
with the ¢-pairs introduced. 

* The bilinear function Q (¢, ¢) is an abbreviation for Q(m, G1) +Q (a, G2) +Q (4s, Gs). 
We may always write for a bilinear function Q(¢, ¢) the form Q(A, q) or equally 
Q(q,4). See McAutay, Utility of Quaternions in Physics; Suaw, Synopsis of Linear 
Associative Algebra. 

{ These Transactions, vol. 11 (1910), pp. 449-474. 














THEORY OF FINITE ALGEBRAS* 


BY 
H. 8S. VANDIVER 


1. The object of this paper is to develop an abstract theory of finite algebras 
which is applicable to various familiar and important concrete algebras, such 
as the m classes of residues of integers modulo m, the classes of residues of 
polynomials in x with respect to the moduli m and P (2x), the classes of 
residues of integral algebraic numbers of a given algebraic field with respect 
to any ideal as modulus, and the classes of residues with respect to certain 
modular systems. We consider an algebra composed of a finite set of elements 
which may be combined by addition, subtraction and multiplication, subject 
to the commutative, associative and distributive laws, and such that the sum, 
difference or product of any two elements is uniquely determined as an ele- 
ment of the set, while, moreover, there occurs an element playing the réle of 
unity under multiplication. It is not assumed that division is always possible; 
a product may vanish when neither factor vanishes. 

While the field R (a;, --+, a) defined by the algebraic numbers ay, --- , ap 
is identical with a field R (w) defined by a single algebraic number w, a similar 
theorem does not hold for finite algebras (§ 6). 

As regards their units, primes, etc., the theory of finite algebras presents 
analogies with the theory of integral algebraic numbers. 

I am indebted to Professor L. E. Dickson for valuable suggestions. 

2. Definition of a Finite Algebra. Let the elements wo, uw, ---, Us—-1 
form a commutative group under addition. The unique element uo such 
that u; + wo = u; (1 = 0, ---, ¢ — 1) is called the zero element. It is as- 
sumed that the elements may be combined by multiplication, subject to the 
commutative, associative and distributive laws, and that the product of any 
two elements is an element of the set. We shall discard the assumption, made 
in the theory of finite fields, that division by every element other than wp is 
possible and unique. However, we shall assume that there exists at least one 
element u;, called a wnit element, such that wu; 2 = uo has the unique solution 
x = uo. Elements which are not units are called non-units and denoted by 
Ni, No, -+-. 

Theorem I. Division by a unit U; is always possible and unique. 

Since the products u; Uz; (4 = 0,1, ---, s— 1) are distinct, they form a 
permutation of the u;. Thus xU; = wu; has one and but one solution z. 


* Presented to the Society (Chicago), December 29, 1911. 
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The solution z of xU;, = U;, plays the réle of unity. For, if y is the solution 

of yU;, = u,, then 
zu, = (4U,)y = Ury = uw. 

Theorem II. The product of two or more units is a unit. 

For, if U; U.--- U; = Ni, we can determine a non-unit Ne + up such 
that VN, No = up. Then 

U, (Ne U2 +++ Ux) = uo, 
so that 
Nz U2 -++ Up = Uo. 

A repetition of the process gives Nz = wo. 

Theorem III. A product is a non-unit if any factor is. 

By Theorem II such a product may be given the form 


P= UN,N.:-:: N, (U a unit). 


Set N; Ni, = uo, Ne + uo. Then PN; = uo, so that P is a non-unit. 

Theorem IV. The totality of wnits U,, ---, Ux forms a commutative group 
under multiplication; the kth power of any unit is unity. 

The products U; U,, ---, U; U, are distinct and each is a unit (Theorem 
Il). Hence they form a permutation of U,, ---, U;,, so that U;2 = U; 
has as its unique solution a unit. 

By Thorems I and III, every element is divisible by each unit, and no unit 


is divisible by a non-unit. But a given non-unit may or may not be divisible 
by another given non-unit. Accordingly, we shall make the 

Definitions. If N isa non-unit, any element UN is called an associate of N, 
where U isa unit. A non-unit is called a prime if it has no non-unit divisor 
other than itself and its associates. Two or more non-units are called prime 
to each other if no two of them have a common non-unit divisor. 

3. Consider the algebra A(m) formed of the m classes of residues C, of 
integers modulo m, where C’, = C, if and only if r = p (mod m), and 


C=C, =C..,, C,C,=C,,. 


Then (Co is the zero element and C; the unity. The units are C,, where a 
ranges over the integers less than m and prime to m. The non-units are C,, 
where r is an integer < m having a factor in common with m. If e and f 
are relatively prime integers, we have 1 = eu + fv, where wu and v are integers. 
Hence 
C12 C.C.+C;C,, 

so that any common divisor of C,, and C, divides C; and hence (Theorem III) 
is a unit. Thus C, and C; are prime to each other. 

If an element of A (m) is a prime it is the associate of an element C,, 
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where p is a prime factor of m. If C, is composite we must have 


C, = UC yp. (e> 3), 


where U is a unit. Let p* be the highest power of p which divides m. If 
«<a we multiply the members of the preceding equation by C,,,,« and 
obtain Cype-1 = Cy, whence «= 1. If ¢€ Sa, we multiply by C,,,« and 


obtain Cy,,.-1 = Co, whencea = 1. Then 


s=p (o- _ *) p* (mod m ) 


,and C, is an associate of C,. Hence C, is not composite. 

Theorem V. I[f p,q, ---, 7 are the distinct prime factors of m, the algebra 
A (m) composed of the m classes of residues of integers modulo m contains the 
prime elements Cp, Ca, +--+, Cr; these and their associates give all the prime 
elements. 

Any finite algebra A (s) contains * a sub-algebra A (m) composed of the 
integral elements C,. We shall call m the base of A(s). If e and f are re- 
latively prime integers, C, is prime to Cy within A (s). 

We note, in addition to A (m), the following examples of finite algebras. 
Miss SANDERSON f has considered the classes of residues 


a(y)=aotaiyt---+taniy”! (a =0,1, ---,m—1) 
modulis m, P (y), where m is any integer and P (y) is a polynomial in y 
of degree r with integral coefficients, irreducible with respect to each prime 
factor of m as modulus. She proved that a (y) is a unit element if and only 
if the greatest common divisor of its coefficients a; is prime to m, and that 


1 1 1 
(1-3)(-H)(0-3) 
Pr P2 Pr. 


where pi, ---, px are the distinct prime factors of m. 

DEDEKIND f has considered the classes of residues of integral numbers of an 
algebraic field with respect to an ideal a as modulus. These classes form a 
finite algebra the number of unit elements of which is 


. 1 1 
. (a) {1 oar yESr 
where p1, -*+, pr are the distinct prime ideal factors of a, and N (k) is the 
norm of k. In particular, if a is a prime ideal of norm p/’, the classes form a 
finite field of order s = p’. 
 * LE. Dickson, Linear Groups (Teubner), 1901, p. 9. 
TAnnals of Mathematics, (2), vol. 13 (1911), p. 36. 


t Diricaiet-DeEDEKIND, Zahlentheorie, 4th ed., pp. 564-580. 
Trans. Am. Math. Soc. 19 


number of units is 
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4. Congruence. Let M,, ---, M, be elements of a finite algebra A (s). 
Two elements A and B of the algebra are called congruent (and residues of 
each other) with respect to a modular system (M,, ---, M,) if 


A—-B=hM,+---+hi M, 
where k,, --- , k, are elements of the algebra. We then write 
A=B (modd M,, ---, M,). 


All the elements congruent to a given one constitute a class of residues. The 
classes of residues which give without duplication all the elements form a 
complete system of classes of residues. 

Consider the case of a single modulus M. If an element A is such that 
Ax = 1 (mod M) holds for an element x of the algebra, A is called a unit 
residue modulo M. If A;, ---, A, are the incongruent unit residues modulo 
M, the products A; Ai, ---, A; Ax are incongruent and hence have in some 
order the residues A;, ---, Ax; modulo M. Thus the unit residues form a 
commutative group. Any element of the algebra is divisible modulo M by 
any unit residue. 

Order of a finite algebra. 
5. The integral marks of the algebra will henceforth be denoted by 0, 1, 


-++,m—1. Let 
(1) m = prg? +++ 1%, 


where p, ---, 7 are distinct primes. Then m/ p* is used to denote q® --- r” 
and not to denote a division to be performed within the algebra. Let S be 
any element of the algebra; set 


S = P (mod p*), S =Q (mod g®), -:-, S = R(mod?r’). 


Since the power ¢(p*) of m/p* is =1 modulo p* and to zero modulo 
q?, «++, or r’, we have in the algebra 


m \or") — m \o7® 
(“) s-(*) ¥ 


since the two are congruent modulo m. Adding this equation to those derived 
by replacing p by q, ---, r in turn, we get 


m \2 (98 ) m \ ee) 
0 so( 5)" ae(g) enna (sya 


the coefficient of S being initially the sum of those of P, ---, R and hence 
= 1 with respect to each modulus p*, ---, r” and hence with respect to m. 
When P, ---, R range over the distinct residues of the elements modulo 
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p*, «++, 7, respectively, the sum (2) ranges without repetition over the ele- 
ments of the algebra. For, if (2) equals the same function of P’, --- , R’, then 


P = P’ (mod Fg 8's = R’ (mod r*). 


Theorem VI. If N (p*) is the number of residues modulo p* of the elements 
of the algebra, the order of the algebra is 


(3) N (pt) -N(q®) ++) NP). 


a—|] 


To evaluate N (p*) we first exhibit a set of multiples of p*' incongruent 


a—|] 


modulo p* such that every element which is a multiple of p* is congruent 


to one of the set modulo p*. The set contains 
p* (d, v1) (dq, = 0,1,---,p—1j;m =1). 
If p*? v2 is an additional element of the set, then 
p* (di v1 + dz v%) (di, d:=0,1, ---, p—1) 


are easily seen to be incongruent modulo p*. Proceeding in this way we see 
that the set is exhausted by the elements, incongruent modulo p*, 


€a-1 
pt Do dk % (di; =0,1,---,p—1). 
&=1 
It follows at once that 


e > 


a—2 


pr? D> dk % (di =0,1,---,p—1) 
k=1 
are incongruent modulo p*!. If p** v,;, where f = e,-1 + 1, is not congru- 


ent to one of the preceding modulo p*, then 
rd 
pt? Dd dy vy (di =0,1,---,p—1) 
k=1 


are incongruent modulo p*?. In this way we see that all multiples of p*~? 
incongruent modulo p* are given without repetition by 


(4) pe Dd dev, (de =0,1, +++, p —1; ea-22ea-1). 
b= 


To obtain a complete set of incongruent residues modulo p* of the multiples 
of p** we have merely to add to the elements (4) a complete set of multiples 
of p* incongruent modulo p*: 


€a—2 “a—1 
pr dim t pt? Dodit, (de =0,1,-++,p—1). 
k=1 k=1 


a—a 


The multiples of p*~* include all elements. Hence after a steps we obtain a 
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complete set of incongruent residues modulo p*: 


e—1 te 
(5) > (Xda rs) (dx = 0,1, +++, p—1jeer Zee). 
c=0 k=1 
Hence N ( p*) = p*, where tr = eg +e: +--+ +e@-1. Thusr5S a. 
Theorem VII. The order of a finite algebra is a multiple of its base m and 
contains no prime factor not occurring in m. 
6. Consider an element wu of a finite algebra and let n be the least positive 
integer for which uw” is a linear function of u"~', --- , uw with integral coefficients. 
In case u can be chosen so that the elements 


(6) do ta,ut-++ + a,1u™! (a; =0,1,---,m—1) 


exhaust all elements of the algebra, the latter is called a monomorphic algebra. 
We give an example of an algebra not of this type. 
Consider the classes of residues with respect to the modular system 


(#*, o> B) 


zx and y being arbitrary variables and pa prime. There are p" distinct classes 
of residues represented by 
0, 1, 2,3 
Ca,» x y? (co = 0,1,+--,p—1). 


a, 


Suppose that this algebra is monomorphic. Then if wu is a properly chosen 
one of the preceding residues, and if n is the least positive integer for which 


u®"+eu™!+---+¢e,=0 (modd 2", y', p), 


C1, ++, ¢, being integers, we conclude from the fact that m = p is a prime 
that no two of the elements (6) are congruent with respect to (a*, y‘, p). 
By hypothesis, every residue may be given the form (6). Hence n = 16. 

The p* incongruent residues with respect to (2?, y’, p) are congruent to 
certain elements (6) with respect to (a*, y*, p) and hence with respect to 
(2*,y°, p). But if & is the least integer for which 


¥(u) = u®¥+d,u*'+---+d,=0 (modd 2’, 7’, p), 
with d,, ---, d, integers, there are exactly p* polynomials in uw, with integral 
coefficients, incongruent with respect to (2”, y’, p). Hence k = 4. From 
y (u) = ax? + By’? + yp, we get 
ur+.---={y(u)}>=0 (modda', y', p). 


Since this contradicts n = 16, the algebra is not monomorphic. 
We employ the notation (1) for m and make the definition: 














bo 
=) 
wo 
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For k < a, the least integer e, for which 
(7) pe (u*+eu%1+ ---) =0 (mod p*) ( c’s integers ) 
is called the degree of u modulo p*, coefficients p*. In particular, eo is called 
the degree of u modulo p*. Multiplying 
pe (uu +e ue 14 ---) =0 (mod p*) 


by p and comparing the result with (7), we get e, < e-1. 

Theorem VIII. If e, is the degree of u modulo p*, coefficient p*, it is also 
the degree of u modulo p*‘ , coefficient p*, wherea>e>k. 

Let s the least positive integer for which 





p* (wW+d,uet+.--- )=0 (mod Pp‘) ( d’s integers ). 
Since u“ is congruent modulo p* to a sum of lower powers of u, 
p (ut + djutt+---) =p Di fru* (mod p*), 
tasi 


where the f; are integers. If s < e,, multiply each member by the power 
e; — 1 — 8 of u and reduce exponents of uw by means of (7). Thus 


pr { (1 — ps*e)u®' + cue? +--+} =0 (mod p*). 
Multiply this by g, where 
g(1— ps *c) =1 (mod 7°). 
We obtain a congruence contradicting the definition of e, in (7). 


Order of a monomorphic algebra. 


7. Let every element be a polynomial (6) in uw. Since wu is of degree eo 
modulo p*, any residue modulo p* may be written 


a—l eo 
(8) 2 2 dat (O=d=p-1). 


e=0 bal 


The terms with « = 1 may be reduced by (7) for k = 1, to the form 
P Dhu yu* P Fi(u) + ++ + gs F,-1 (u), 
k=l 


where the f’s and the coefficients of the F’s belong to the set 0,1, ---,p—1 
and each F is of degree < e,;. In the new form of (8) occurs 


ioe - -. u-* + Fo (uw) ‘ 
k=1 
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which may be reduced by (7) for k = 2 to the form 
Pfau + p'G,(u) + ++ + es (u). 


In this way any residue modulo p* can be given the form 


a—l e. 
(9) fet ae fae (O=fSp-1). 
k=1 


e=0 
Theorem IX. These elements (9) are all incongruent modulo p*. 
For, if 
a—l Ce 


(10) P° da (fer — gee) w* =0 (mod p*), 


c= k=1 


where each f and g is one of the integers 0, 1, ---, p — 1, then 
> (fox — gor) u°-* = 0 (mod p). 
t=1 
By Theorem VIII if a > 1 or by (7) if a = 1, we get 
for — gor = 0 (mod p) 


Hence fox = gor. The theorem is proved ifa=1. Ifa>1, (10) gives 


pd (fix — gx) u"* =O (mod p’). 
t=1 


By Theorem VIII if a > 2 or by (7) ifa = 2, 
fix — gx =0 (mod p), Sik = gir. 


A repetition of this process proves the theorem for any a. 

Write ¢? for e,. Similarly, let ¢” be the degree of u modulo q° , coefficient 
qg*, ete. Then by (3) and (9), we obtain 

Theorem X. The order of the algebra is p” --- r°, where 


a—l —1 
- (Pp) .., “a > fr) 
ilies De? ’ y= €. + 
k=0 


k=0 


Units of a monomorphic algebra. 


8. The degree eo of u modulo p* is also the degree of u modulo p (Theorem 
VIII). Let therefore 


F(u)=u%+e,ue'+ ---+e¢,,=0 (mod p*), 
F (u) = gf gf --- g (mod p), 


where gi, -**, gs are incongruent irreducible polynomials in uw modulo p, 
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and g; is of degree n;. Thus 2k;n; = e9. The p” elements 


8 UF ( niki 
(11) > > ce 


t=1 9; e=l 
: eos ; ‘ 
are incongruent modulo p. For, if not, we have, for example, 


F (u) & ; 
Ss ; pm (Ci. nei Cie ) rs = 0 (modd gr ’ P) ’ 
1 =1 


(12) 
in which ¢;, — ¢}, is not divisible by p for every ¢. There exists * a polynomial 
G (u) with integral coefficients such that in the algebra 


F (u) - 


G(u)- =1 (modd g‘,p). 


gi 
Multiply](12) by G (uw). Hence 


mk, 


> (e. — cj.) u"™-* = Lg" ~(mod p). 
e=!l 
Multiply this by F (w)/ gi. Thus 
y(u) = LF(u) =0 (mod p), 


where y (uw) is of degree < e9, contrary to the fact that wu is of degree eg modulo 
p. Hence the p** elements (11) give a complete set of residues modulo p. 
The residue of any element modulis g‘', p may be written 


n, 


ky-1 
(13) D gi Dediy wu" (0<dSp-1). 
i=0 y=! 


No two of these are congruent modulis g\', p. For, if (13) be congruent to 
the element with the coefficients d’, we have 


ny 


p> (dy), — dj,) u"-* =0 (modd qi, p). 
y=1 


Unless each coefficient is divisible by p (and hence zero), we obtain by multi- 
plication by F (w) / gi a congruence modulo p of degree < e9. Thus d,, = dy, 
for each y. Then a similar argument with 


g 2 (d,, — d,,) u™-* = 0 (modd 97, p) 
Be 


shows that d,, = d,, for each y; ete. The elements (13) form a complete set 
of residues modulis g\', p. 

Let R be an element (13) in which not every d,,=0. Then R and 
gi have no common divisor modulo p involving u. Henceft there exist two 


* Dickson, Linear Groups, p. 8. 
+ Dickson, Linear Groups, p. 8. 
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polynomials K and L in wu with integral coefficients such that 
KR — Lg =1 (mod p). 


By the definition in § 4, P. is a unit residue modulis g}', p. 

If an element gilt of the form (13) with each doy = 0 were a unit residue, 
gi RK = 1 (modd g?', p), we would have F (u)/ g: = 0 (mod p). 

An element (13) is a unit residue modulis g, p if and only if not every d,, is 
zero. The number of these unit residues is 


1 
nyky —_ 
p ( 1 ™ ) ’ 


It now follows from (11) that 


. F (4) p 
(14) v= LR, 
i=1 Yi 
ranges over the incongruent residues modulo p prime to gi, ---, gs when R; 
ranges over the unit residues modulis g‘‘, p. We can determine two functions 
H and M of u such that 


HU — MF (u)=1 (mod p), 


whence HU = 1(mod p). Thus U is a unit residue modulo p. 
Theorem XI. The number of unit residues modulo p is 


_ _- 
Pp II (1 =): 


To apply this result to the enumeration of the units, we require the 
Lemma. If two polynomials fo (z) and f; (z) with integral coefficients have 
no common factor involving z with respect to any of the prime factors of m as 
modulus, there exist two polynomials Yo (z) and y, (z) with integral coefficients 
such that 
(15) fovo—fivi =1 (modm). 


We first prove the lemma when m is a power p* of a prime. There exist 
polynomials x (z), y (z) and w (z) such that 


afo — yfi = 1— pw. 


Multiply this by 1 + pw + p?w? + --- + (pw)*'. We obtain (15). 
Next, let 


=TIpt, fori—fiyi=1 (mod p*) (i =1,-+-,8). 


Then (15) holds for 


m \¢(pit) m \¢ (pit) 
w= (3) Vi, n=>d(2 :) Yi- 


vit 


Pi 
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Theorem XII. The unit residues modulo p* are 
a—l fe 
(16) U+ 2p Difeu, 
c=1 k=1 


where U ranges over the unit res'dues modulo p and f = 0,1, +--,p—1. 
For, by (9) and (14), this set gives a complete set of residues modulo p* 
which are prime to F (u). If V is one of them, 


Vo —-F(u)n=1, Veo =1 (mod p*). 


The remaining residues modulo p* are divisible modulo p by a factor of 
F(u). If such a residue N is a unit residue, modulo p*, 


NZ=1 (mod p’*), N=WN’'g; (mod p). 
Hence 
N’9i:Z =1, F(u)/gi=0 (mod p). 


Theorem XIII. The unit elements of the algebra are 


” . m \ (2 - m \o°2?) , m \ er" 
(17) Ut — +U ~\| a +--+ Un[(— . 
p q r 


where U,« ranges over the unit residues modulo p*, ete. 
When an element U given by (17) is considered as a function of u, it is 
prime to F (w) modulo p, to F, (uv) modulo q, etc., where 


F,(u) =0 (mod ¢*) 


is the congruence of smallest degree satisfied by u modulo g8. Now 


5 m : mM\ 
M= ("): (u) + (45) Fa(u) + cos (%) Few 


is prime to U with respect to any prime factor of m as modulus. By the 
lemma, we may set 


Uy — My =1 (modm). 


Thus Uyp = 1 in the algebra, and U is a unit. 
For an element N not of type (17), there is a prime factor » of m and a 
factor G of F,, (wv) modulo yu such that 


N=GN’ (modz). 
Then N is not a unit. For if so we would have 
GN’ K =1, F,(u)/G=0 (mod yz). 


By Theorems XI and XIII, the number of unit residues modulo p* is 


“ 1 
(18) V (ot) = rT (1-5), E=et+at c++ +b Gg}. 
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Hence by (17) the number of units in the algebra is 
V (p*) - V9") --- Vir). 
9. Write relation (7) in the form 
(19) p* F.,(u) =0 (mod p*) (k =0,1,-*-,a@—1). 
Let R be the polynomial in:u of degree < e; for which 
Fii=Fiyit R. 
Then p'R = 0 (mod p*). Hence, by the definition of e;, each coefficient in 
R (u) is divisible by p. Thus 


(20) Fy = Fi vit pe: (t¢=1,---,a—1). 
It follows at once that 


Fo = Fai ¥iyo-+* Ya-1 (mod p). 


Now e:-1 2 e;. Unless e;; = e;, and therefore Fj, = F;, ¥; is not inde- 
pendent of uw. Hence Fo has at least as many factors modulo p as there are 
distinct integers in the set eo, €,,...+5 €a—1+ 

HENSEL* has given a reduction of the modular system 


(p*, fi(2), fe (x), lt! Ju.(2)), 


in which p is the least integer dividing the system, to a canonical form 
[ p*, ie (x) ’ lie (x) ye & (x) |, 


in which the f; are connected by certain relations and the coefficient of the 
highest power of x in each f, is prime to p. The classes of residues with respect 
to this modular system define a monomorphic finite algebra. The f;’ have the 
same properties as the functions F; in the abstract algebra with the base 
m = p*. Under the latter restriction, Fo, pFi,..., p*~'F,-, are zero in 
the algebra. 





* KRONECKER’S Vorlesungen tiber Zahlentheorie, vol. 1, pp. 202-211. 











ON THE DEGREE OF CONVERGENCE OF THE DEVELOPMENT 
OF A CONTINUOUS FUNCTION ACCORDING TO 
LEGENDRE’S POLYNOMIALS* 


BY 
DUNHAM JACKSON 


It is the purpose of this paper to demonstrate three theorems and two 
corollaries, whose formal statement will be preceded by a brief explanation. 
The treatment is suggested by recent papers of LEBESGUE,} in which corre- 
sponding problems are discussed for the case of trigonometric series. A part 
of the work of LEBESGUE is reproduced at length in my thesis,f and where 
the developments of the present paper are closely parallel to those in the 
trigonometric case I shall occasionally refer the reader to one of those other 
presentations. 


I. 


Let w (5) be a positive function of the positive variable 6, which has the 
property that as 6 increases, w (6) never decreases, and w (6) /6 never in- 
creases, while lim;_,# (6) = 0. Let f (2) be a function of x, defined and 
continuous in the interval — 1 <2 <1. Let r, (x) denote the difference 


p>» me (2x) — f(z) ’ 


m=0 


where the functions P,, (x) are the polynomials of LEGENDRE, and 


9 1 
mn = = : f f (x) Pm (2) dx. 
- = 


* Presented to the Society, February 24, 1912. 
{ Lepescur, Annales dela Faculté de Toulouse, series 3, vol. 1 (1909), pp. 
25-117. Referred to hereafter as LeBEsGuE I. 

— Bulletin dela Soc. Math. de France, vol. 38 (1910), pp. 184-210. Re- 
ferred to as LesescGueE II. 

t Uber die Genauigkeit der Anndherung stetiger Funktionen durch ganze rationale Funktionen 
gegebenen Grades und trigonometrische Summen gegebener Ordnung. Dissertation, Géttingen, 
1911. Referred to as Thesis. 


805 
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It will be convenient to use a notation of LanpAv* expressing the asymptotic 
relation of two functions g; (n), g2(n), of a variable n, as n becomes in- 
finite, go (n) being supposed positive for all values of n from some point on. 
The expression g;(n) = O(g2(n)) means that the ratio g; (n) / g2(n) 
remains finite as n becomes infinite, and the expression g; (n) = 0 (g2(n)) 
means that lim,-. gi (n) / go (n) = O. 

Then the following is true for any value of x interior to the interval (— 1,1), 
and uniformly throughout any closed interval interior to that interval: 

TueoreM I. Jf f(x) satisfies the condition that 


If (a2) —f(m)| Seo (8) 
whenever x, and 22 are any two points of the closed interval (— 1, 1) such that 


| te — ay | <5, 


[ra(x)|=0(o(7 log»), : 


A special case of this is the 

Corouiary. If lims—o w (6) log 6 = 0, the development of f (2) according 
to Legendre’s polynomials is convergent. t 

This statement also holds for any interior point of the interval (— 1, 1) 
and uniformly in any closed interval interior to that interval. As to the end- 


thent 


points + 1, — 1, no conclusion is drawn. 

To prove Theorem I, I shall make use of a proposition established in my 
thesis,§ which, when w (4) is restricted as above, amounts to a statement 
that f (x) can be approximately represented throughout the interval by a 
polynomial of degree n or lower, with a maximum error not exceeding a constant 
multiple of w(1/n), for all values of n. This being granted, a process of 


* Lanpau, Handbuch der Lehre von der Verteilung der Primzahlen, Leipzig and Berlin, 1909, 
pp. 31, 59, 61. LeBEsGuE uses occasionally a notation which looks similar to this, with quite 
a different meaning. 

+ Cf. Leseseue II, pp. 199-202 of the volume, 16-19 of the article. By saying that such 
a relation as this “holds uniformly in an interval,” I mean, of course, that the ratio of the 
left-hand to the right-hand member, regarded as a function of two variables, remains finite 
for all values of n from a certain point on and all values of z in the interval. 

t A somewhat similar condition for convergence, which however does nct include the present 
one and is not included in it, is given by Drn1, Serie di Fourier e altre rappresentazioni analitiche 
delle funzioni di una variabiie reale, Pisa, 1880. See pp. 281-282, §116 ; in $72, to which the 
reader is referred back, see especially condition (b). 

§ Thesis, Satz V, p. 40. The polynomials there called P, (x) have nothing to do with 
the polynomials of Lecenpre. A simplified proof of Satz IV of the thesis, which is used in 
establishing Satz V, is given in another article by the author presently to appear in these 
Transactions, On approximation by trigonometric sums and polynomials. Another in- 
teresting special case of the present theorem is that of the Lipscnitz condition, w (6) = con- 
stant X 6. 
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reasoning which is readily transferred from the trigonometric case to the 
present one reduces our problem to that of showing that the absolute value 
of the remainder r, (2), formed for any continuous function f (2) whose 
absolute value does not exceed 1 in the interval — 1 < 2 <1, can never be 
greater than a constant multiple of log n, as long as z is restricted to an interval 
(—1l+e,1—e),¢>0. The essential argument leading to this simpli- 
fication of the problem is that the nth partial sum of the development of a 
polynomial of the nth degree according to the functions P,, (2) is identical 
with the polynomial itself. More simply still, it is seen by writing down at 
length the expression for this partial sum that it is sufficient to show that, if 


1 
In(a) = | Kala, t)|dt, 
=) 
where 


~ m+ 1 
Ky (2, 1) =F Pa (2) Pa (t), 


then 


I, (x) = O (log n) 


uniformly in any interval (— 1+«e€,1—e),¢«>0.* The notation K, is 
adopted from a recent paper of Haar,j to the first pages of which I shall 
have occasion to refer. 

From the recursion formula for P, (x) follows readily the identityt 





1 n+ w Fr. (t — P.. s ava 
(1) Bee 40 et Se Bie 


2 r—t 


We shall use also the asymptotic formula 


5 

@ — Pal)= ve amalem(etye—7)+ > |, 

where x is set equal to cos 6, 2 6 20, and p, (@) is a function which 
remains below a certain constant in absolute value for all values of n, and all 
values of zx in the interval (— 1+ 3e, 1 — 3c); it is assumed that e is held 
fast. It follows at once that in this interval | P, (2) | never exceeds a con- 
stant multiple of 1 / Vn, let us say 

H 


|P.(z2)| $—. 
=vVn 





* Cf. LesesausE I, pp. 116-117; Lesesavue II, pp. 196-198, 201, of the volume, 13-15, 18, 
of the article; Thesis, pp. 49-50. 

{ Haar, Rendiconti del Circolo Matematico di Palermo, vol. 32 (1911), 
pp. 132-142; pp. 132-135. 

¢t CuristorreL, Crelle’s Journal, vol. 55 (1858), pp. 61-82; p. 73. 
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It is further pointed out by Haar that* 
0(1 


1 
| PP, (x) | dt = /Vn). 
endl 
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As the proposition to be proved will not be affected by neglecting a finite 


number of values of n, let us suppose n so large that 1 /n < €/ 2. 


Then the 


points  — 1/n,x+ 1/n surely lie inside the interval ( — 1+ 3, 1 — de), 
if, as we shall suppose throughout, z is a point of the interval (— 1 + e,1 — e). 


The integral J, (2) may be broken up into five parts, 


l ee xr—1/n e+Il/n 1—e/2 l 
f [Kur plae= ff +f +f +f 
—1 -1 at e~/r-—iin Szr+1in 1—e/2 


=f45 +8 +8" +2". 
r—t| 2 de 


, and so, 


In J), and J{”, ¢ takes on only such values that |: 
by (1), 
|Kn (a, t)| <" tt | Pasa (2) Pn (4) — Pp (2) Pry (t) |. 
Hence 


| 1 ve ie 
I< <7 I Posi (2) | fo (t){dt+|Pa(x)| fo | Pass (t)| dt], 


Since P, (x) = 0(1/Vn) 
—l+eSx<1-—e, and 


—i-+¢ 
' 
| 
-1 


and Prii(2) = 0(1/Vn), 


uniformly for 


Py (t)|dt< f |P, (t)|dt=O(1/VYn), 


and similarly for the integral of |P,+; (t) |, it follows that there exists a con- 


stant which J; never exceeds. 


The same is true of J”. 


Proceeding to the second of the five integrals, we find that 


1 tnt 
x <*t [Pes (olf at + | Pa (2) f 


‘ c—1in z2-+1--¢/2 
she yl —|-resr du 
2 MN Jt —t u 


< nth (aL mnt 


* Since ;, 
SilPa (2) Pas = 57, 
and ae _ 
Sl Pa(z) des y2 J" 1. @ Paz, 


by Scuwarz’s inequality. 


"| Pasa (4) | 4 at| 


1¢e2| t— Ft 


Lo + logn). 
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This remains inferior to a constant multiple of log n. Similar reasoning 
applies to 1%". 

There remains only the third of the integrals. To handle this, we abandon 
the formula (1) and write K,, (x,t) at length, 


: [= 2m + 1 “|\2m+1 
| Kn (2x, t) | = , a = Pn (2) Pm (t)| < »y z F(z) Ft) 
m=—0 - m= — 


In any one term of this sum of absolute values, | Pm (2)| < H/ 1 m, and, 
for values of ¢ in the interval of integration, | P,, (t)| < H / Vm, and so the 
terms individually remain inferior to a suitably chosen constant.* The sum 
of the n+ 1 terms does not exceed a constant multiple of n. Therefore the 
integral of the sum, over an interval of length 2/n, remains inferior to a 
constant. 

Putting these results together, we see that it is in fact true that 
I, (2) = O (log n), uniformly in the interval (—1+e€, 1—e).¢ This 
result, combined with Theorem V of my thesis, as has been indicated above, 
establishes Theorem I of the present paper. 

Another proposition demonstrated in my thesis is that if f (2) is a function 
possessing a (k—1)th derivative f*~» (x) which satisfies a Lipschitz 
condition, 

| fa) (x2) — f*™ (a1) | 2X (%2— 2 | 3: 


in some interval, \ being a constant, then f (x) may be approximately re- 
presented in that interval by a polynomial of the nth degree or lower, for all 
values of n, with a maximum error not exceeding a constant multiple of 
1/n*. This may be combined with the relation J, (2) = O (log n) to 
establish the sorrectness of the following statement, which applies to any 
point, or uniformly to any closed interval, interior to (—1, 1): 

TuHeoreM II. If f (x) is a function possessing a (k — 1)th derivative which 
satisfies a Lipschitz condition throughout the closed interval (— 1, 1), then, 
for this function f (x), 


n* 


|r. (2) | = 0(®8*). 


A precisely analogous result for the case of Fourrer’s series§ may be de- 


* This last statement is of course true also of the term $Po (2) Po (t), to which the pre- 
vious reasoning, with the asymptotic formula, does not apply. 

t The formal work above is a modification of that of Haar in the article cited; but he does 
not have occasion to obtain the relation J, (zx) = O(log n). 

t Thesis, Satz II, p. 23. 

§ For the case k = 1, this theorem is to be found in the article referred to as Lesescue II, 
pp. 199-201 of the volume, 16-18 of the article, as a part of the analogon of Theorem I above; 
a result closely parallel to, but neither including nor included in, that for the case k = 2 of 
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duced immediately from Satz VII (page 46) and Hilfssatz II (page 49) of my 
thesis. 


II. 


The following theorem is in a way complementary to the first; it shows that 
our first theorem proves as much as can be proved without making other 
hypotheses than those we have employed. Let w (6), f(x), ta (x) have 
the meaning given them at the beginning of I. 

TneoreM III. There exists a function f (x) which satisfies the condition 
that 


lf (m2) —f(m)| Sw (6) 
whenever x, and x2 are any two points of the closed interval (— 1, 1) such that 
|a2—ai| <4, 
while there is an interior point of the interval at which* . 
tr (t) #0(w(1/n) log n). 


For w (6) = 1/| logé| this reduces to the 

Corotutary. There exists a function f (x) for which w (6) logé remains 
finite as 6 approaches zero,} while the expansion of f (x) according to Legendre’s 
polynomials diverges at an inner point of the interval (— 1,1). 

(It can not, however, diverge to infinity, by virtue of Theorem I.) 

We are to construct a function f (2), satisfying the condition stated in 
the theorem, for which we can show that for an interior point of the interval 
(— 1,1), and for infinitely many values of the integral index n, r, (x) is in 
absolute value greater than w(1/n)logn multiplied by a constant inde- 
pendent of n. We may confine our attention entirely to one point 2, and we 
may leave out of consideration as many values of n as we please, finite or 
infinite in number, provided only that we still have infinitely many values 
left. Let us restrict ourselves to the point z = 0, and to values of n which 
are odd and of the form 4n’ + 3. A number of other conditions will succes- 
sively be imposed on n, but they will all be satisfied by choosing n sufficiently 
large, and so will be consistent with each other and with the one already in- 
troduced. 


the present theorem is stated in an article by Wert, Rendiconti del Circolo Mate- 
matico di Palermo, vol. 32 (1911), pp. 118-131; p. 128, footnote. See also the 
author’s article On approximation, etc., referred to in a previous footnote. 

* Cf. LesescvsE II, pp. 202-206 of the volume, 19-23 of the article. 

7 Of course f(z) will then be continuous. 
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For any function f (x), keeping the notation previously used, 


D am Pm (2) = f f(t) Kee, t) dt. 
m=0 | 


Since P,, (0) = 0 when n is odd, we see from (1) that, for n odd, 





. y P,, (t) 
K, (0, t) = a + Pri (0) - t ; 
accordingly 
. 1 'f(t) Pa (i 
(3) dD an Pm (0) = oft Parr (0) f 2 D) a. 
m=0 - —} 
Let us set 
x = cos 6, r26020, 


as was done before in formula (2), and let g be a constant, which will surely 
exist, such that |p, (@)| < g for all values of n and for }  < 0< 8 x. 

Since we suppose n + 1 divisible by 4, it follows that } (n+ 1) 7 is a 
multiple of 27, and 


cos| (n+5)0-7]= cos| (+5) @-4- (n+ 3] 


or, in terms of a new angle 
T 
4’ 4 


cos| (n +5 )a— 4 = sin(2n+1)¢. 


Let 6 be a number satisfying the inequalities — } < 8 <0; 6 may be 
any such number, but when once chosen is to be held fast. If x = 6, then 
6 = cos @ lies between 3 7 and 3 7, and g = 3 cos! B — } = lies between 
«/12and0. Let this value of ¢ be denoted by a. 

Let n be so large that 3x / (2n + 1) <a, and let p be the largest integer 
for which px / (2n +1) <a, accordingly p 23. By making n sufficiently 
large, and hence g /n =| pn (@)| / n sufficiently small, we can make the roots 
of P, (x) in the interval § r > 0 >h7, —3V3 <2 <4V3, correspond 
so closely to roots of sin (2n + 1) ¢ that P, (2) vanishes for a value of ¢, 


Trans. Am. Math. Soc. 20 
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say ¢ =o, which is nearer to s/(2n+ 1) than to any other root of 
sin (2n + 1) yg, and for a value g = 7 nearer to (p+ 1) a/(2n+ 1) than 
to any other root of sin (2n + 1) ¢, and similarly for each of the intervening 
roots of sin(2n-+ 1). Let the values of x corresponding to o and 7 be 
denoted by y and 6 respectively. The latter numbers will surely be interior 
to the interval (— 4, 0), for large values of n, and we will assume n taken so 
large that this is the case. Furthermore, 3 z /(2n +1) < ¢ < 27/(2n+1), 
and +t > px/(2n+1)> a. 

We are now ready to define an auxiliary function x, (2, 8), analogous to 
the function x, (x, a) defined on p. 58 of my thesis, following the example of 
Lebesgue. Let 


Xn (%,8) = 0, —1< 


1 
xn (x, 8B) =— P, (2), 
Vn 


Xn (t,8) = 0, si 


This is surely a continuous function of x. The formula 
9 d > 2 
(2? — 1) 7, Pn (x) = nxP, (x) — nPr-i (x), 


together with the fact that, for the values of z that come into consideration, 
P,, (a) never surpasses a constant multiple of 1/ Vn, shows that x, (2, B) 
satisfies a Lipschitz condition with respect to z, 


(4) | xn (22,8) — xn (41,8)| SAla2— a], 


where, as long as @ lies in the interval (— 3, 1), A is a constant independent 
of n and B as well as of x; and a2. 

If we denote now by a, the coefficient of P,, (a2) in the expansion of 
Xn (x, 8), and by r, (x) the corresponding remainder 


2 dn Pm (2) ei (2, B) 


(the index of r, is intentionally set equal to that of x,), then we have by 
(3), noticing that x, (0, 8) = 0, 


_ |M+1 Prii(0) (7 [Pa (bP | 
[tm (0)| =| 2 Vn é t a 3 


Now let t = cos 0, ¢ = 4 6 — 3 x, the determination of 6 and ¢ being rendered 
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unique as before by the conventions r > 6 20, 272¢ 


9 


[P, (t)P = | sin (n+ 1) e+ 


nr sin 6 


9 eA pn (4) 
sin? (2n+1)¢+ : 


nr sin 6 n j 


pn (6) 


n 


where p,, like p,, is a function which remains finite for all values of n and @ 
in question. 


t= cos0= cos| 7+ 2. | sin : dt = — sin 6d@ = — 2sin Ode. 


7[P, (t)FP ~~ - sin? (2n+1l)¢ ; 
f° ra=— f mae a ~+2sin 6d¢g 


nm sin 6 sin 2 


v 9 a 
2 pn (8) 1 ’ 
-{ ——- -——.~— - 2 sinédg. 
¢ tm sin 6 n sin 2¢ 


To form an idea of the magnitude of the latter integral, let us take into account 
that in the integrand, g = ¢, 29 = 20 > 7/ (2n+ 1), from which it follows 
that the greatest value attained by 1 / sin 2¢ within the limits of integration 
is in order of magnitude O(n). As sin @ cancels from numerator and de- 
nominator, we see that 


T 9) a ( 
2 Pn (0) 1 - 1 
te os -+2 sin dg = O ; 
f nr sin 6 n sin 29 _ n 


Y[P, (t)P 4 (‘sin* (2 de 
fi! (Pe — f in nde de -0(2). 
3 t RE Je sin 20 n 


Consider now the integral 


dg. 


feo +1)¢ 


sin 2¢ 


¢ 


Since within the limits of integration 0 < ¢ < z/ 12, the integrand is always 
g<2 


positive; furthermore sin 2¢ = 2 sin ¢ cos sin g:and a < 2x7/(2n+1), 


7 > pxr/(2n+1). Hence 


f sin’? (2n + 1) € do % im +t) sin? (2n + 1) i. 


sin 29 ee teat) sin 29 
print) sin? (QIn+1)¢ 


; dg. 
sin ¢ " 


>} 


2m |(2n+1) 








314 D. JACKSON: THE DEGREE OF CONVERGENCE 


The last integral is shown on p. 60 of my thesis to be greater than 


log 3 
1 oe a fa 
é [log (p+ 1) — log 3] blog (p+ 1) 1 hele 5 |- 
From the way in which p was chosen, 


(p+1)* 
2n+ 1 


and if n is sufficiently large, 


€ 
~ 


2a 
>a, pti>—(n+3), 


9 
log (p+1)> log— + log (n + 3) > s logn, 


also 
log 3 ‘ 


~ jog (p11)? ?° 
These inequalities being satisfied, we have 
7sin? (2n+1)¢ 1 
f i dy> 48 log n. 


In the expressjon for |r, (0) |, Pri (0) is this only factor for the mag- 
nitude of which a lower limit has not been ascertained. Remembering that 
we have assumed n to be of the form 4n’ + 3, we readily find from the asymp- 
totic expression for P, (x) that 


 -_— 9 
« Pn+1 ( TT / 2) 
Pa 0) = ety ~ 1 ‘ ’ 
+1 (0) Nin+1)-7 + n 
which for sufficiently large values of n is greater than a constant positive 
multiple of 1/ Vn. Putting the various factors together, we see finally that 
there exists a positive constant 1, independent of n (and also of a), such 


that from a certain point on* 
i log n 
(5) [rn (0)| >1 _* 
For any one function x, (2, 8), however, this inequality has been established 
only for the particular value of n for which the function was formed. 

One further observation concerning the functions x, (x, 8) will be of im- 
portance. It is clear from the definition of the functions and the asymptotic 
expression for P,, (x) that there exists a constant M such that for all values 
of n, 8, and x, satisfying the conditions that we have imposed, 


2n+ 1 


2r 


Xn (z, B) < M. 


* The point at which this inequality begins to be true may to be sure depend on a@, but that 
is immaterial. 
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Still following the procedure of Lebesgue, we go on to define a single func- 
tion f (x) which satisfies a relation analogous to (5) for infinitely many values 
of n. 

Let 8; be a number satisfying the inequalities that have been imposed on £. 
Let n; be a value of n so large that a function xp», (2, 81) can be defined and 
the subsequent work carried through as above. For a reason which will 
appear later, we shall also assume explicitly that m; is chosen so large that 
g | ny < 1/10, where g, as before, denotes a constant not less than the greatest 
value of | p,(@)| in the interval $e < 6 <% a. From now on the number 
m, so chosen shall be held fast. Let 82 be a number, still negative, but greater 
than the upper limit of the interval of values of x in which x,, (x, 8:1) takes 
on values different from zero. Let m2 be a value of n greater than n,, and so 
large 

(a) that the function x,, (2, 82) may be defined and used as above; 

(b) that the interval in which x,, (2, 82) takes on values different from 
zero does not trespass upon the corresponding interval for x,, (2, 81); 

(c) that the error of the partial sum, to terms of degree n,, of the expansion 
in series of Legendre’s polynomials of a function which nowhere exceeds 
Mw([2zx/(2n2+1)] in absolute value can not be greater numerically at 
any point than 


( 2Qr ) log n; 
“\2n, +1 ny - 


The constants M and / have already been defined. It is readily seen that the 
last requirement can be fulfilled, as well as the others, since n,; is fixed and 
w[2x/(2n2+1)] approaches zero as nz becomes infinite. Then let 6; 
and ns; be similarly chosen with respect to 62 and nz, and the corresponding 
function x,, (2, 83) constructed, and so on. 

If 11, %, 03, «++ are constants, each of which is equal to 0 or 1, the series 


- Be. 9 
f(z)= a > i a (575) Xn (2, Bi), 

where A is the constant of the relation (4), converges for all values of x in the 

interval — 1 < 2 <1, and the function f (2) so defined is continuous through- 

out the interval. This appears at once from the structure of the series, without 

the application of any general theorems, since at any one point not more than 

one term of the series is different from zero. 

If i is any positive integer, we may break up f (2x) into three parts: first, 
the sum of the first i — 1 terms of the series; second, the ith term; and third, 
the sum of the terms from the (2 + 1)thon. Suppose these three parts, which 
are of course continuous functions, expanded in series of Legendre’s poly- 
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nomials to terms of degree n;, and let the remainders in these expansions at 
the point z = 0 be denoted by R,, R., R;, respectively. In order to make 
our function f (x) completely determinate, we still have to fix the coefficients 
»;, about which we have said nothing except that each shall be equal to 0 
or 1. We will suppose v; = 1, and the others chosen successively so that, for 
each value of 7, 


I 
| Ri + R:| >5 


1 2n:+1 Qa log ni 
2° 4A 2r ws 


2n; +1 nN; 


If | Ri | alone satisfies this inequality, we make v; = 0, and so R; = 0; if not, 
we make v; = 1, and then the inequality is surely satisfied, in consequence of 
(5). The third part of f (2) nowhere exceeds } (M/A) w (27/ (2ni4i:4+ 1)) 
in absolute value, and so 


l 1 2n; 1 2 log n; 
igh A MEY, (2) lo 


4 4A 2a 2n;+ 1 Ni 
since we have supposed n;,; chosen so large that this conclusion may be drawn.* 
Consequentlyt 


1 2n;+1 ( Qa )- 7 
—— ee , 


can 
| R, a R, +. R; | P ° on; + 1 mg 


4°44 22 
l 


1 
- . y _ * ) —_ ° 
= 16Ar log m; - w (~) 


This inequality, holding for the infinitely many values n; of n, shows that for 
the function f (2) the reminder r, (0) is not o(w(1/n)logn). 
It remains to be shown that 


(6) \f (wv) —f(am)|Se({rm—a), 


where 21, 22, are any two different points of the interval (— 1,1). 

We may distinguish two possibilities as to the position of these points: 
both may belong to a single interval throughout which f (2) has a single 
definition as a constant times one of Legendre’s polynomials, or they may not 
both belong to such an interval. The former case is the only one that requires 
extended consideration. If we can show that in that case 


(7) lf (a2) —f(m)|Sze(|a—a]), 


the inequality (6) will hold in all cases. { 
~ * See (c) above. 

t Cf. Thesis, pp. 62-64, 67, 68-69. 

t Cf. Thesis, p. 68. 
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Let us suppose, then, that x, and .r2 are two points of an interval throughuot 
which the equation holds: 
1 2n+1 2Qr 1 
nies ibe” “Sch aaeas ‘ Pe zw), 
f(z) 4\ 2 «(5-5-7) Vn (z 


=~ 

where n is some fixed integer, all the other terms of the series for f (x) being 
identically zero in the interval. As will presently appear, it is easy to show 
that (7) holds provided that the values x; and 2 are sufficiently close to each 
other. But this in itself is not sufficient for our purpose. In the case of trigo- 
nometric series* it was possible to find points z; and x2 at which the function 
in question takes on the same values as at x; and 2x2 respectively, while z; and 
Z2 are so near together that the relation (7) can be obtained at once. In the 
present case it is no longer obvious that we can find such points, for the arches 
of the curve y = f (x) in the interval under consideration are now not all of 
the same height, and a value attained on one arch is not necessarily attained 
on every other arch. It is possible to modify the reasoning, however, so that 
it is still effective. In the first place, if the difference | r, — 2x; | is not greater 
than 27/(2n+1), we set 7; = 21, % = 22. In the contrary case, the 
argument is as follows: We have supposed n;, and hence each of the other 
indices n;, chosen so large that for the values of x with which we are concerned 
| pn (0)|/n Sg/n <1/10, and for these values of x it is always true further- 
more that } < sin @ <1. Consequently the absolute value of the factor 


1 T pn( @) 

(8) Agr a| cos((e +4) 0-7) 4! “ | 

which can be taken out of the expression (2) for P, (2), is never greater than 
V2(1+ 1/10) < 1.6, andis greater than 1 — 1/10 = 0.9, whichis more than 
half of 1.6, at every maximum or minimum of the cosine. This function (8), 
which needs only to be multiplied by a constant in order to be identical with 
f («) in the interval under consideration, takes on at every point of the interval 
where the cosine is equal to + 1 a value greater than half its greatest positive 
value, and similarly for negative values. If y is any value of f (2) in the 
interval, f (a) takes on the value 3 y in the smaller interval between a maximum 
and an adjacent minimum of the cosine. Such an interval is described while 
6 varies through x /(n+4) = 27/(2n+ 1), and x = cos 6 consequently 
varies through not more than the same amount, 27/(2n+1). That is, 
returning to the points 2;, 22, it is possible to find two values z,, x2, in an 
interval such as has just been described, so that 


f(t) =3f (a), f (@2.) = 3f (a). 


 *Cf. Thesis, pp. 67-68. 
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In any case, then, there will be points z; , x2 , such that the following inequalities 


are satisfied: 


(9) lf (a) —f (1) =3|f(%2)—-f(n)|, 


2Qr 


(10) | t2 — 21 | Sot? 


(11) | #2 — %| S|a2— aI. 
The rest of the argument offers nothing new in comparison with the trigo- 
nometric case. We know that 
| Xn (22, B) — Xn (21, B) | S<Al\a— x], 
consequently 


ie — 2 1 2r a ™ ois 
If (m)—f(m)| St- me so sea): la 2 to(|%—%!), 


a7 
the last inequality resulting from (10) and the fact that w (6) / 6 is a never 
increasing function. Applying (9) and (11), and the fact that w (6) never 
decreases as 6 increases, we infer hence that 
lf (m2) —f(m)| S30(|%—-— |) Sd0(|a—aI); 
this completes the proof of Theorem III with its corollary. 


HarvarD UNIVERSITY, 
CAMBRIDGE, Mass. 





FUNCTIONAL DIFFERENTIAL GEOMETRY* 


BY 


LOUIS INGOLD 


It is well known that a certain analogy exists between ordinary vectors or 
points and functions of a variable x in an interval a=x=8. Such an 
analogy, for instance, may be observed in certain formulas of integral equa- 
tionsf as well as in recent papers dealing with identities connecting integrals.f 
It is the purpose of this paper to give some details of this correspondence in 
the case of differential geometry of curves and surfaces. 

In the ordinary theory a surface is defined by a vector whose projections 


on the axes are 
yi =f (i; wm, U2) (i =1, 2, 3), 


depending upon a parameter i. We consider here instead n-dimensional 
spaces defined by a function 


f (2; Mis Mes °° % 5 Un) 


depending upon a continuous parameter 2; i. e., n-dimensional spaces in a space 
of infinitely many dimensions. 

For curves in the space of infinitely many dimensions a sequence of directions 
are obtained which are generalizations of the tangent, principal normal, and 
binormal of ordinary curves; also a sequence of curvatures which correspond 
to the usual first curvature and torsion. For spaces of higher dimensions the 
usual tangent properties of ordinary surfaces are generalized, and formulas 
analogous to the formulas of the Grassmann theory are obtained which express 
relations among the tangents to subspaces. In the concluding sections the 


* This paper combines two papers: Curves in a Function Space, and Surfaces in a Function 
Space, both presented to the Society November 26, 1910. 

1 This analogy was emphasized by Professor E. H. Moore in lectures on integral equations 
at the University of Chicago, 1905-07; see his Introduction to a Form of General Analysis in the 
New Haven Mathematical Colloquium, Yale University Press, New Haven, 1910. The author 
owes to Professor Moore the suggestion that the ideas there expressed might be extended to 
differential relations. 

t Ricnarpson and Hurwitz, Note on determinants whose terms are certain integrals, 
Bulletin of the American Mathematical Society, vol. 16 (1909), pp. 14- 
19; also Curtiss, Relations between the Gramian, the Wronskian and a third determinant connected 
with the problem of linear dependence. Bulletin of the American Mathematical 
Society, vol. 17 (1911), pp. 462-467. 
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two fundamental forms of surface theory are generalized and formulas are 
derived which are the extensions of the well-known relations of Gauss and 
Copazzi. 

It is assumed that the functions defining the spaces have partial derivatives 
of all orders with respect to the parameters u, and these derivatives as well 
as the functions themselves are assumed to be continuous functions of z. 


Part I. Curves IN A SPACE OF INFINITELY Many DIMENSIONS. 


§ 1. The notion of curve and the parameter s. 


As explained in the introduction, a function f (2; w) is considered to be 
analogous to the defining vector* of a curve in ordinary space. We shall say 
that this function defines a curve in space of infinitely many dimensions 
and shall refer to the curve as the curve f. The expression pdf / d2, where 
u is independent of zx, will be called a tangent to f. 

If the parameter wu is replaced by a function of some other letter s, say 
u = u(s),f (x;u) is transformed into a new function g (2;s). Itis possible 
to choose the new parameter so that 


B pe 2 
(1) f (* wit) dx = 1.4 


For 


dp (x; 8) _ Of (x; u) du 
Os - ou ds 


, 


and hence 


Lesa GY LY 


Equation (1) is satisfied if 


dona (0G) aed, 


from which s may be found in terms of wu. 





* This part of the present paper contains the essential features of a previous paper entitled 
Outline of a vector theory of curves, which was presented to the Society, November 27, 1909. 
Since then has appeared a paper by E. Ratu, Die Frenetshen Formeln in R,, Jahresbericht 
der Deutschen Mathematiker-Vereinigung, vol. 19 (1910), pp. 269-272, 
which also treats the subject of space curves vectorially. See also W. Fr. Meyer, Ausdehnung 
der Frenetschen Formeln und Verwandter auf den R,, Jahresbericht der Deutschen 
Mathematiker-Vereinigung, vol. 19 (1910), pp. 160-169; and Brunet, Sur les Pro- 
priétés Métriques des Courbes Gauches dans un espace linaire &@ n dimensions, Mathe- 
matische Annalen, vol. 19 (1882), pp. 37-55. 

1 The integral of the product of two functions is analogous to the inner product of two 
vectors, i. e., the product of their lengths into the cosine of the included angle. See KowaLew- 
ski, Hinftihrung in die Determinanten-Theorie, p. 320 ff. 
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§2. The sequence of normals and curvatures. 


It will be assumed from this point on that the parameter s is so chosen that 
equation (1) is satisfied. The derivative 
af (2; 8) 

0s 


(2) , 
which is tangent to f, will be denoted by ¢ (x: s). 

The following formulas define, in terms of f(x; s) and its derivatives with 
respect to s, a set of functions which we shall call the normals. For uniformity 
t (2;s) is included in the set and is denoted by np (2;s). These formulas are 


no (x; 3) = t (2; 8), 


m(2; 8s) dt(2; 8) 
mn(s) | ds” 
mi(a; 8) Onis (2; 8) , Miz (2; 8) 


ens SE Ses = / ' ;=2), 
ri (s) ds ” rj—-1 (8) * _ 


where the expressions 1/r;(s) are called the curvatures i; (s) and are defined 
by the equations 


“ - 1 \_ (*% (ana; s)\ 
n= (ata)= LMS Ye 





9 7 a a 8 /ani1(2; 8) . neo (a; 8)\? 
He) =(—5) -f ( ~ + ae ) ae. 


It follows at once that 


B 
(4) f n? (x; 8)dx= 1. 


If the integrand vanishes identically when i = n, the integral which defines 
k; (s) vanishes and the series of equations (3) terminates. Otherwise there 
is an infinity of normals. 

From the definitions (3) it is possible to write the normals as linear expressions 
 * This is analogous to the tangent vector of an ordinary curve determined by the set 
of derivatives df; (s )/ ds, where 

m=fil(s), te =f2(s), ts = f3(s) 


are the rectangular coérdinates in terms of length of are at a point on the curve. 

+ These are the well-known Frenet formulas. They do not appear to have been used pre- 
viously for the purpose of defining the normals. They have been obtained for a curve in func- 
tion space by Kowa.ewsk! in the paper, Les Formules de Frenet dans V’espace fonctionnel, 
Comptes Rendus, vol. 151 (1910), p. 1338. 
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in ¢ (2; 8) and its derivatives with respect tos. For from (3) by differenti- 
ation we find 





9m (2; 8) dr (s) dt (2; sy ( , She: $) 
ds ~ dg ds rats as" 


After substituting in (3) we have 





_ 12 (8) dr; (s) dt (2x; s) : . 
Ne (2; "oar ro (8) ds as + (8) r2(8)-t(2; 8), 
and continuing in this way we obtain: 
at git 
ni= A (s)-t+ A; (s)ao+ ttt Apa (8) 


(5) art 
+71(8) + 12(8) +>: ri($) as 


where the coefficients A, A; --- Aj; are functions of s depending on the r’s 
and their derivatives. 

It is easily seen that the first normal n; (2; s) is orthogonal to the tangent 
t(x;s). For from the equation 


8 
f ni (a; s)dr=1 


it follows by differentiation that 


6 ano 1 B 
f no. dz = : cad noni dx = 0. 


Hence mp and n, are orthogonal. 

It will now be shown that all the normals are mutually orthogonal. Assume 
that mo (a; 8), mi (x2; 8), --+, m, (a; 8) form an orthogonal system. The 
following considerations show that the system mo (2; s), m (2; 8), ---, 
Mn (238), Mn41 (2; 8) isalso orthogonal. We have immediately the equations: 


, Oife+ty .., 
(6) . f ninjde =} i i=j (4,7 =0,1,2,-+-,h), 


va 


and from (6) by differentiation: 


= Ban; B 9 i 
(7) f nde t ff nj de = 0 (i,j =0, 1,2, ++, h). 


0 
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In (7) substitute for dn; / ds its value from (3). This gives 


B B pB a 
Nj Nit R; 1 ON; aoa 
f 7 de f det f n,—dzr=0 G,j=0,1,2,---,4&).° 
a Ti41 3 r; i Os 


Hence by (6) 
8 * 
on ee 
®) f mia dx =O (4 =0,1,2,---,h-1} 5 =0,1,2,--- hit j=), 
s 
a 


and by (5) and (6) 


8 a 
On; 1 
(9) fo ma® dx = (g=@, 1,2, --+, k=), 
oe Os 


8 9 
on l : 
f Nj~1 dr= — : (3 = 6, 1,2, +++; 8). 
a Os rj 


By using these results m,+; (.7; s) is seen to be orthogonal to all the previous 
n’s; for from (3) by multiplying by n; and integrating 


B Bs 8 
Nhti nj ON; Np—1 Nj : ’ 
f dz = ——n; dx + : de (7 = 0, 1, 2, +>, &). 
a Tht 2. os me Th 


In this equation if 7 < h — 1 the two integrals on the right vanish by (6) 
and (8). If 7 = h— 1 they cancel each other by (9) and (4), and if 7 =A 
they vanish by (6) and (7). Thus the induction is complete. 


§ 3. On the vanishing of the j-th curvature. 


In the ordinary theory of curves it is shown that in case the second curvature 
(torsion) vanishes identically the curve is a plane curve. A corresponding 
result holds for curves in a function space. In order to obtain this result, 
it is convenient to have another expression for the j-th curvature which we pro- 
ceed to develop. Let x, 21, ---, 2;, be 7 + 1 independent variables on the 
interval a = x; =8, and consider the following integral: 


|mo(x; 8) mo(ai3 8) +++ mo (ay; 8) /? 
, 
B [mr (a; 8) my (1; 8) +++ my (az; 8) 
1 | 
— . : . dx dx, +++ dx;. 
(j+1)! ; ; ; 
| nj (x; 8) mj (a1; 8) +++ nj (ay; 8) 


*If < = 0 it is to be understood that the second term of this formula does not appear. 
This is the same as defining the curvature ko to be 0. 
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For convenience, we write this in the form 


8 
f [mo, M1, -**, nj]? dxdx,--- dx;, 
a 


where the bracket stands for the above determinant divided by the square 
root of (j + 1)! and is analogous to the Grassmann outer product of 7 + 1 
vectors. 

To determine the value of this integral, consider that the determinant 
expanded consists of (j + 1) ! terms which are squares, together with certain 
cross products. The general squared term contributes the value 





1 6 ‘ 1 
G+1) J Ming (23) Mn, (43 8) +++ Mm, (aj; 8) dxdxy, +--+, dx; = G+)! 
since by equation (4) 

8 
Mn, (x; ) dx = 1- 


Hence all of these terms together yield unity. 

The integral of each cross product is zero since each such term must con- 
tain as a factor at least one combination like n; (2;; s) - n, (vi; s), where h 
and / are different, and the integral of this product is zero because n; and 
n, are orthogonal. The entire integral, therefore, reduces to unity. The 
square root of the integral of the square of a function F (2, 2, --+, 2;) taken 
over the region a = 2; =8 is called the norm of F with reference to the vari- 


ables 2,21, --+,2;. We have, therefore, 
(10) Norm [m, m1, -*+, nj] = 1. 
We may, therefore, write the j-th curvature /; in the form 
1 1 
k; = —=—norm[n, nm, ---, nj]; 
rj rj 


and substituting for n; its value from equation (5), we may write the result 
as the norm of a linear combination of bracket terms 


att } eo 
Me, Mi, °°*, Nils oi (7 =0,1, 2, -*-,j). 


These terms all vanish except the one for which 7 = 7. Hence 


lk Tifoss? 2; O't 
b; norm| mo, 1, ***, Mj-1>73 |- 
, rj ee ae 


Substituting in like manner for nj-1, nj-2, «++, Mo, we have finally 


ot dt dt 
0s ’ ds’ > asi |° 


(11) k= rrp ee ty norm| t, 
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We now prove the following theorem. 
The necessary and sufficient condition that there exist a finite series for t (x; 8) 


of the form 
(12) t(2; 8) = a, (8) e, (2) + a2 (8) ee. (2) +--+ +a;(s)e (x), 


is that the j-th curvature be the first of the curvatures to vanish identically. 
For, if k; = 0, we have 


8 , = ie 
f (4 =) dx = 0 
J 0s Tj-1 


On;-1 1 
~— == Nj-2.- 
Os rj-1 


and hence 


If the values of nj. and dn;_; / ds obtained from (5) are substituted in this 
equation, it becomes an ordinary linear differential equation of order j for 
(2: e). 

Let a; (8), a2 (8s), --- a; (8s) be j independent solutions of the differential 
equation satisfied by ¢(2; s). Then every solution which is a function of 
both x and s can be written in the form (12), and hence ¢ can be written in 
this form. Conversely, if t has the form (12), substitution in (11) shows that 
k; =0. The functions e; (x), e2 (2), «++, e; (2) are linearly independent. 
For if not, suppose that all can be expressed linearly in terms of g of them 
(g< Jj). Then, from (12) ¢ can be expressed linearly in terms of g of the 
e’s, and hence by (11) 

kg =O(g <j), 


but this is contrary to the assumption made above that k; is the first of the 
curvatures to vanish identically. 


Part II. Spaces or n DIMENSIONS IN SPACE OF AN INFINITE NUMBER OF 
DIMENSIONS. 


§ 4. The notion of space vector. 


We go at once from one parameter wu to any number n of independent 
parameters and consider a function f (2; ui, U2, ---, Un) of 2 and n 
parameters wu; --- u, Sucha function will be said to characterize a space of 
locus of n dimensions which will be called the space f. The different func- 
tions of x obtained from f by giving fixed values to the parameters u, may be 
regarded as the points of the space in question, or they may also be thought 
of as vectors from the origin to points of the space f. 

It is assumed that no linear relation connects the partial derivatives 
Of (3 U1, U2 +++ Un) / du;. It follows that the function f, for arbitrary values 
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of u,, U2, *** Un, cannot be written as a function of x and fewer parameters. 
In case only such values of the parameters u are considered as can be expressed 
in terms of k parameters 2, %, ---, 0% (k <n), the function f becomes a 
function of the form 


f (@3 U1, U2, -**, Un) = O(a; M1, M2, +++, ME). 


The function ¢ then characterizes a space of k dimensions. We shall say that 
the space ¢ lies in the space f. In the special case k = 1, gis a curve lying inf. 

The curves defined by 
by, Us, °°°» Usedy UWieds °°° > Un = CONSE. (4 = 1, 2, ---, 2). 


will be called the parametric curves corresponding to the parameters u;. 
The space 
go = Ue; (X%) + Un eo (@) $+ e+ Funan (2), 
where the w’s are independent parameters and the e’s are linearly independent 
functions of z alone, will be called a linear space of n dimensions. 
It is known from the theory of orthogonal functions that there exists a set 
of normed and mutually orthogonal functions 


€1 (2), €2 (2), °++, en (2) 


in terms of which the e’s can be expressed linearly. We may therefore write 


e,(x) = Dai e; (a). 


If these values are substituted in the expression for the linear space above, 
it becomes 


n 


n n n' n 
g= Lui Day ¢ (x) = > ( dij ui )o(2) = 209; (2), 
j=! 1 j=! 


i=1 j=! t= 
where the coefficients 
n 
v= Dd a;; U; 
i=1 
are independent parameters. Thus the function ¢ characterizing a linear 
space can be expressed in terms of a normed orthogonal set of functions ob- 


tained from the e’s. 
From the above definitions it is seen that if 


f (@ U1, Us, +++, Un) = O10; + Gg eo + +++ + ape, (n <r), 


where the a’s are functions of uv, we, --+, Un, and the e’s are functions of z 
alone, the space f lies in a linear space of r dimensions. 
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§ 5. The first fundamental form. 


If the total differential of the function f (x; u:, u2, «++, Ua) with respect 
to parameters u;, be squared and integrated with respect to x from a to 8 
there results a quadratic differential form in the variables w;; 


- P(e af, \i,  & (*af af 
= f (df)? dz = f (2! au.) dz = =f iain dz) dus du 


n 
= > £;; du; du;. 


é, j=1 


ie} 
ans 


The form E is called the first fundamental quadratic differential form associ- 
ated with the function f. It plays the same rdle as the differential form giv- 
ing length of are in the ordinary theory. The coefficients F;; are called the 
first fundamental quantities. The discriminant of E is denoted by 

1 


” i 
== | Ey | (5, 7 = 4, 3, «-*, #); 


and \ always denotes the positive square root. 
In the symbolic theory of the invariants of differential forms* E is repre- 
sented symbolically as the square of a linear form. It has been shown that 


the expression 
B n af 2 
J (252 au: ) dx 


may be used as such a symbolic representation of Ef and that all of the iden- 
tities of the symbolic differential invariant theory may be interpreted as iden- 
tities involving ordinary functions and their integrals. 

If m1, %, +++, % are any m functions of the parameters uw; we may use the 
notation 
0 (%, hae Un ) 
V1, V2, °°*, Mm) = AX; - 
(1st, +t) A (U1, U2, +++, Un) 
In case two sets of functions a, b are used, we may write 


(a1, do, -++, ae, by, be, +++, bnn) = (a,b) = (a,b; k,n—k), 


with similar notations for the Jacobian of n functions made up of three or more 
sets. 


* See MascukeE, A symbolic treatment of the theory of invariants of quadratic differential quan- 
tics in n variables. Transactions of the American Mathematical Society, vol. 
4 (1903), p. 448. 

t See the author’s paper, Note on identities connecting certain integrals, Bulletin of the 


American Mathematical Society, vol. 17 (1911), pp. 184-189. 
Trans. Am. Math. Soc. 21 
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§ 6. Tangents and normals. 


The function pdy (x; s) / ds, where u is independent of x, has been called 
the tangent to the curve y (x;s). The tangent to any curve lying in a space 
f (a; U1, «++, Un) will be called a tangent tof. All of the tangents to f at a 
given point @ (i. e., for given values of the parameters, say 1, 2, +--+, Un) 
lie in the linear space 
Sista 


OU,” 


af of 
euuees J 


V2 
Ou, OU2 


where df / du; represents the value of df / du; at the point 7. For if the para- 
meters are all functions of s so that 


f (2; Uy, U2, °°", Un ) = v (2; s), 


Of dite 
du, ds 


then 
dy df du , df du 


ds du, ds ' du. ds i 


which is of the form of g above. Conversely, any linear function of df / du, 
df /du2, --+, Of / Au, is a tangent to some curve lying in f and is therefore a 
tangent to f. 

If the coefficients v; in the expression for g are independent parameters, 
¢g is called the tangent space to the space f at the point a. 

In case f is the linear space 


(13) f (a3 U1, U2, +++, Un) = Uifit uUsfeot--- + Un Jn; 
where f1, fe, «++, fn are linearly independent functions of x alone, the tangent 
space ¢ coincides with f. 

Suppose that we wish to determine the tangents at a given point of a sub- 


space of n — 1 dimensions determined for the space f (x; uw, U2, «++, Un) 
by an equation of the form 


v1 (U1, Ue, ***, Un) = Const. 


We may select n — 1 other functions 7, ---, % so that the m functions 
M1, 02, ***, Um are independent and transform the coérdinates in f from the 
u’s to the v’s. Then 


f (2; Uy, Ue, °*%, Un) = ¥ (2; Tip Te °°" 9 ) >» 


Of _ ov 80; 


— —_ (t=1, 2, >>> n) 
Ou; j=l 00; Ou; : F 


and the solutions of these equations are 


dy _ (m1, U2, °°", Vi-1, 5,5 P41, vee » On) 
00; (M1, U2, ***, Mm) 
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Any curve in the subspace of n — 1 dimensions can be determined by properly 
selecting v2, 73, -*+, Un and letting all but one, say v,, remain constant. The 
tangent to the curve so determined is dy / dv, , or what is the same thing, the 
vector 
= (wi, 2, U3, °°°» Un—1,» f), 

where 2 is replaced by w; to show that it is the locus w; = const. which we are 
studying. The totality of tangents to this locus is found by using arbitrary 
functions in place of v2, «++, tr—1. 

By a similar argument it is seen that the totality of tangents to a subspace of 
n — k dimensions, 

w, = const., we = const., -::, w, = const., 

as given by the formula 
(14) (wi, We, co» Dhy Chats *** >» a-s, ff), 
where Vr41, *** 5 Un—1 are arbitrary functions. 

Consider now the case in which f is a linear space as in equation (13), with 
the functions f,, ---, f, normed and orthogonal. 

The expression 
, . *. df dw 
(15) W= 

i=l Ou; Ou; 
is called the normal to the space w = const. in the space f, since it is orthogonal to 
every one of the tangents. 

To prove this let g be expanded in the form 

n 
of 
aS, 
* x *du;’ 


where V; is the co-factor of df / du; in the determinant representing g. Then 
6 “ aw 
Wedze = 2,V;— = 
f anal > Ou; 0, 
since the second member is the determinant for ¢ with f replaced by w. 


§ 7. Auziliary notions. 


Let g:(2), go(a), -*+, gx (@) represent any & functions of z and any 
other parameters. Then we may use the notation 


g1(%1) g1(%2) +++ gi (te) 
1 g2(a1) g2(t%2) +++ gear) 


[¢1, G2, °°, ve] = a 
V k! 








gk (%1) ge(te) +++ gear) 
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where 21, 22, --+, 2, are independent variables in the region a=2;=8. 
This expression is analogous to a Grassmann outer product of k vectors, called 
by him a simple element of the k-th order, or of k dimensions. A linear com- 
bination of simple elements which cannot be reduced to a single simple element 
is called a compound element. 

We shall assume for the present that the functions f; (2), fo(a), ---,fn (®) 
occurring in the function f in equation (13) are normed and mutually ortho- 
gonal. The factor \ defined in §5 is then unity. The determinant (f (21), 
f (a2), +++, f(an)) defined at the end of §5 and all its minors are clearly 
simple elements except for constant factors. 

The simple elements corresponding to minors of the k-th order will be 
called the fundamental simple elements of the k-th order with reference to the 
functions f;, fe, «++, fn- 

The following notations will be found convenient. 


(f(r), fly); k, n—k)= (f(a), s+, f (ae), f(m), ++, f (yn-n)), 
[f(r),a;k,n—k]= (f(x), coon J (Bu), Ory *°*, nk) 5 


[f(7); kK) =([f (2), ues kk, n—kl= UF (a) fae), ais f(a) ) 


O (Ueys Wess *** 4 Ue, ) 


mf AL) of (x) - af(e)) 


— iy 


, 


OUc, 7? Icey OUc, 
O(a, de, °°*, a) 
(ac; k) = (ac, te3 k,n — k) = ————— : , 
O (the, Uegs °° *%» Ucy) 


In these formulas c = (¢1, ¢2, +++, ¢;) represents any combination of k of the 


integers 1,2, ---,m,and ec = (c),¢2, +++, ¢,_~) is the complementary set 
arranged so that the permutation (c¢,, ¢2, +--+, Ck, 1,2, ***, €a-x) can be 
obtained from the permutation (1,2, ---,) by an even number of transpo- 
sitions. 


The elements so defined satisfy the following relations: 


8 
1 
(16) f [fe(a), ter ky n—kP dx, dre +--+ dx, = ae 


eB 
(17) J [fe(r), ues ky n—k\ (falar), ua; k,n — hk) dx, dx, +--+ dx, = 0, 


where ¢ and d represent different combinations.* The proof is the same as 
for formula (10). 


* These are special cases of the formula 


SP Les (a1), en (ae), +++) outed 1a (2), va(aed, +75 ve (ae) Ldn +++ den 
_ | 6s 
= | [esl 2) ¥i( 2) de 


(M) 
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The normal in the space f to the locus a;(u,, we, «++, Un) = const. will 
be denoted by the corresponding german letter a. In the element 


[a,, M2, Sree ay, | 


let a; be replaced by its value from formula (15). Thea 
- l 
MW” = [a,, M2, ---, a.) = - ; dD (ac; k) [fe (x) 
J r! c 


This is analogous to the expansion of a k-dimensional vector in terms of the 
k-dimensional units. But it follows by use of formulas (16) and (17) that 





f (f(y), f (2); n—-k, kf (y),a;n—k, kh] dy; dyz +--+ dyne 
= Eta: k)(fe(x); h 


(n—k 7 


Hence 


1 B 
: ee, f S(z)sn—k,k 
(I) (n—k)!Vkide (f(y) f(x) n ] 
X (f(y), 4; n—k,kl|dy,, rs Oye ee 


In particular 
1 “6 
(I) a= rag (f(y), f (2); n—-1, 1) (f(y), a; n—1, 1] dy, --+ dyn. 


The expression 


| 9) = = — fir - k,n —ik 
X [a(y), +++, Aye) dys --+ dye 


is called the complement of &. If we expand the element 
(f(y), f(x); k,n—k] 


in terms of the elements [f.(2); k] and write X” also in terms of them, we 


where the dutennienes on the right is of the kth order, 7 andj ranging from 1 to k, and where 
1, $2, ***, ok and Yi v2, «++, Ye are any functions of x which are such that the products 
giv; are integrable. This result was first published by Richarpson and Hurwirz in the paper 
already referred to, and later by LANDSBERG in the paper, Theorie der Elementarteiler linearer 
Integralgleichungen, Mathematische Annalen, vol. 69 (1910), pp. 227-265. The for- 
mula is a special case of a formula proved by Professor Moore in a course on Determinants 
at the University of Chicago, summer, 1907. 

* The formulas of this and the following section are closely analogous to formulas given by 
Grassmann. See the Ausdehnungslehre (1862), in Grassmann’s collected works edited by F. 
ENGEL. 
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have by means of (16) and (17) 
[a, f(z); k,n—k]_ (—1)*" 


—([f(r),a;n—k,k]. 


IV) |= = 
qv) | V(n—k)! V(n—k)! 


Taking complements again, we find 
yy”) — ot. se : : kk 
(V) ||2 ~ (n—k)!Vk! : (f(y), f(a); 2- ’ ] 
Xx (f(y) »4, n— k, k\dy, i dYyn—k = (-— 1 Ro) YO + 





§ 8. Properties of the elements. 


The three following formulas, (VI), (VII), (VIII), are frequently useful in 
making reductions: 


B B 
f AB dr,,--+, dx, = f | |B” dy, , +++, dYn—k 
(VI) . 1 B ° 
~ (n= md [f(z),a;n—k, k}[f(x),b;n—k, k] dx --- dans, 


1 B 
aot [f(2),a;n—k,k] (f(r), b;n—k, kh] day +++ dan 
(VIN) a ) 
= fF 2), 055 m= 1, WNL Ce), bys MD, Uday + dns it 
a G,j=1,2, «+, k). 


om f 400.4 n—k, k[f(y),a;n—k, k][f(x), bj k,n —k] 
X dy, +++ dyn—~ day +++ dt, =k! (n—k)! (ay, «++, an, br, +++, bn—e)- 
Formula (VI) is proved by showing each expression to be equal to 
Do (ae; kk) (bes kt). 


Formula (VII) can be proved by the use of (VI) and formula ( M ) of the foot- 
note p. (330). For by (VI) the left hand side is the left hand side of (M), and 
also by (VI) the general term in the determinant on the right is equal to 


B 
(n—1yif a;b;dzx. 


Hence the determinant reduces to the right hand side of (M) and the formula 
is proved. By expanding both sides of formula (VIII) in terms of (a,;k), 


*See GrassMan, I. c., No. 92. 
t Ibid., No. 175. 
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(b.; k) , they are reduced by formulas (16) and (17) to the same expression 
ki(n—k)!¥0 (a.5;k) (be 5k). 


The preceding formulas enable us to prove that the elements [f. (2) ; k] 
are linearly independent. For suppose there is a linear relation connecting 
them, say 


Devlf(r), ues k,n—kl]=0, 
then 


B 
Cpe f (2), F(y)ikim— KI (a), wes ky n= kIS(y), msm ky H 
X dx, +++ daydy: +++ dynr= >> peck! (n—k) (uel, +++ Ue gy Why *** 5» Un,) =O, 


by (VIII). But every term of this vanishes except the term for which the 
combinations ¢ and h are the same, and this reduces to k!(n —k)!p,. Hence 
pr = 0 for every h. 

In the proofs of the remaining formulas of this section, the following theorem 
on determinants is needed. If | a, ---,a,| and |f:, ---, 8,| denote two 
determinants of the nth order, then 


(D) len, alice on||B1, aati Bn|= 22|6., 25°" "*, on||B1, oo, Bsa, a, Bis, site -,Bn|*. 


The theorem can be applied to each term of the sum on the right by putting 
a2 successively in place of 8, 82, etc.; and clearly this process can be repeated 
until a, ---, a, replace in all possible ways a like number of columns of the 
second determinant. 

In this form the theorem will be used to prove the following formula: 


B 
J U2), Ss n= k RIL (2),03 1, n= 0) 


X (f(y), f(z), bk, 1, r) dys dys +++ dyx dz dzz +++ dzy 
(IX) 17! B 
- Gaps (2), a;n—k, bf (f(y), ae3n—17, r] 


x [f(y), b; aid r, 7] dy; dy2 --- dyn, 


where k + 1 = n —r and a, denotes any combination of k of the a’s and a, 
denotes the combination of the remaining r of the a’s.t To prove formula (IX) 


*See Mascuke, Differential parameters of the first order, these Transactions, vol. 7 
(1906), p. 70, equation (1). 

t If r = 0 there is only one combination a which consists of all of the a’s. The right hand 
side reduces to a single term and the integral factor of this term reduces to n! = (k+1)!; 
whence it is seen that (IX) reduces to (VIII) in this case. 
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apply the theorem (D) to the first two factors under the integral sign on the 
left and exchange in all possible ways f(y), ---,f (yx) of the first factor for 
a like number of elements of the second. Adding the results and denoting the 


left side of (IX) by P, we have 


P=DPUs(2), f(a m— bk, RIL (W), F (2), as ky I= ky w= 
; XS (y)» F(8)0b; By Ly eddgy +++ dyeday +>» da 
+OP Ue), F(a, a;;n—k, k—1, 1] 
wee eee ee ee ee ee 
X f(y), f(z), bs ky 1, r) dy, -++ dy, dz, +++ dz 


B 
+> if (2), J (me): aj, n— k, k- 3; 2] 
. Xf Cy), f (am), ay k,l—k+2,n-—l1— 2] 
Xf ly), f(z), bs k, l, r] dy, --+ dy, dz, --- 


B 
+O f U2), a5 mb, BUSY), (2), a5 By Ly 
Xf (y), f(z), 63 k,l, r] dy «++ dyy dz +--+ dz, 


where f (z) is any combination of k of the quantities f(z,) --- f(z), and 
f (zv) is the combination of the remaining ones. This series of sums is for 
the case in which k is at most equal tol. If k = 1 — g the first g sums will 
not appear. Each term of the first sum is equal to P, except perhaps for sign. 
By applying theorem (D) to the first two factors of each term of any sum except 
the first, interchanging in all possible ways the f (x) of the first factor for a 
like number of terms of the second, each sum is reduced to a series of sums of 
succeeding types, and by successive reductions they are all reduced to a sum 
of terms of the type appearing in the last sum, each term being multiplied by a 
numerical factor. Thus we have 


8 
P=DK.If (2x), a: n—k, mf (f(y), ae; n— 7, r] 
X [f(y), b; liad it r}dyi--- dyn—r, 


where the coefficients K, depend only on the integers k, 1, n, r, and not at 
all on the functions a, b. 
Now let 


{ bi, be, a b,} - { Ui, mae ***y Ui,} ed { ani, Ans» i ar}, 


{Gnyy °°, Anz} = {Ug,, °°, Uy, fe 
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Then on the right all terms vanish except the one for which the combinations 
c and h are the same, and the term which remains has the value 


Ki (l +k) fi (2); n—k]/V (n—k)!. 


But the expression for P becomes k!1! [f, (2); n —k]/V (n—k)!. Since 
all of the functions [f,(2); n — k] are independent, [f, (2); n — k] and 
[ fi (x); n — k] are the same and we have finally 


K, = kil! * 
(k+l)! 
for every h, and formula (IX) is proved. 
From the formulas given, many others can be obtained by multiplying both 
sides by a factor involving the function f and integrating. For example, 
taking complements of both sides of (IX), we have 


B 
f (f(r), f(y), 65k 1, rl (f(y), a3 l, n— Udy +--+ dy 


l! 


OF EFI 


B 
Papi J (Fem MG (y) Bsn = Fy] 


B 
x dys? dye f f(z), f(x);n—k, f(z), ae; n—k, k dzy- + -dzn—x.F 


The proofs of formulas in this and the previous sections are for the case in 
which f is a linear space whose coefficients f; are normed and orthogonal. The 
formulas hold, however, when f is general. Formula (VIII)f for the special 
cases k = 1 and k = 2 and formula (VID§ have been proved by Maschke in 
symbolic notations. His argument applies equally well to functions. The 
proofs will therefore not be repeated here. 

Formula (VIII) can be shown by induction to hold for any value of k. 
Denoting the left member by M; and using the determinant theorem (D), 


* This represents the number of terms of the type of those on the right side of (IX) which for 
a given h are found in the form to which P reduces by the above process. The same expression 
could be obtained for P for a general space f and the same reductions would lead to the same 
number of terms of the above type. Hence K has the same value for the general case. 

7 See Grassmany, I. ¢., No. 173. 

t Mascuxe, A Symbolic Treatment etc., loc. cit., formulas (34) and (39). 

§ MascukE, Differential parameters of the first order, these Transactions, vol. 7 (1906), 

. 74, equation (8). 
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we find 
M; = frm, f(z), n—k, k] 
x{F(scw, +55 f (yer), br, f (yess), «+++ Ff (Yn-k)) 


xX (f(x), soe, f (te), f(y), be, ---, b,x ) 
+ (f(m), -++, f (yx); Gi, °°*, G1, b, Girts °°*> ax ) 


1 


X (f(a), +++, f (ae), ai, be, 65 ack) f done dyncudy ++ di. 


By interchanging equivalent variables x; --- 2% y1 +++ Yn—~ each term of 
the first summation is seen to be equal to — M;,. Hence 


M;, = (n —_ k) Mess -= kM,, 


k+1 
Min = 7 Mh = (k+ 1) i(n—k— 1)! (a, -++, Oe, by, +++, Dx). 


Consequently the formula holds in general, since it holds for k = 1 andk = 2. 
It is clear that the same proof is valid in case any of the quantities a;, b; are 
functions of x or an equivalent variable distinct from the variables of inte- 
gration. 

Formula (VIII) may now be used to show the linear independence of the 
expressions [f (x), ue; k, n — k] for the general, non-linear, case precisely as 
at the beginning of this section for a linear space. The proofs given for 
formulas (IX) and (X) hold for the general case.* 

There remain formulas (I), (II), ---, (VI). Formulas (II) and (III) 
may be taken as definitions of a and [@,, a2, --- , a,] respectively for the more 
general space. Let the expressions for a,, ---, a from (IL) be substituted 
in the determinant & in (1). The result is 


1 1 | 7B 
en piel d (f(y), f(a); n—1, 1) 
X (f(y), as; = 5; L]dy: +--+ dyn-1 " 


where the determinant is of the kth order, i and j ranging from1ltok. This 
expression by (VII) can be written 

1 1 
Vk} (n— 


B 
Eid UF); m= k RISC), a5 m= by Edy + donee, 


= See the footnote to the proof of formula (IX). 
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the right-hand side of formula (I), which is therefore proved. Using this 
formula and formula (VIII) with f (.7:), ---,f (a,-«) in place of by, «++, bax, 
we have 

1 


| 1 = — 1 ain 
(n—k)!Vk! 


V Ah n— 


B 
aid. (f(y), f(2);k,n—k] 


B 
x [FFs mk, RIL (2) 05 n=, des + di ndys + dyn 


1 
 k(n—k) IV (n— 


X (f(z), a; n—k,k\(f(y),f (2); k, n — k] dz ++ dz, ndy, a 





B 
mid, (f(z), f(y); n—k,k] 


E (a1, a2, -°++, an, f (a1), f (a2), sf (ark) ), 


and this proves formula (IV). In a similar manner formulas (V) and (VI) 
can be proved. 


§9. Functions orthogonal to all tangents of a subspace. 


Given a subspace R; lying in f, it is possible to find functions tangent to 
f but orthogonal to all tangents to R;,. In fact, if f is of n dimensions there 
should be precisely » — k independent functions satisfying this condition. 
These functions are given in the following theorem: 

Every function 


B 
vi2)= ff (f(y), f(x), U;k,1,n—k—A1][f(y),a;k,n—k]dy---dy, 


where the U’s are arbitrary functions of ui, U2, +++, Un, is orthogonal to all 
tangents of the subspace R;, in f defined by the equations 


a, = const., d2 = const., ATR Gn—k = const. 
By formula (14), § 6, all tangents to R, may be written in the form 
¢(z) = (f(z), V, a;l, k—1,n-—k], 


where the V’s are arbitrary functions of uw, we, +++, Un. It is to be shown, 
then, that 


B B 
fev@ar= f f(y), (2), Usk, 1,8—8—11Ef (9), 03k, wk) 


X(f(r7),V,ujl,k—1,n—k]dxrdy, ---dy,=0. 
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By formula (X) 


n B 
¥(x)= 2 (f(y), uzjk+1,n—k—1][f(y), U;k +1, n—k—-1] 


B 
x f (f(z), f(e);n—1,1)[f (2), ai; n—1, 1] dy --+ dyegidzy +++ de. 


Hence, by (VIII) 


8 n 8 
f o(z)¥(2)de= DMs f Uf (2), f(2)sm—1, UU (2), a5 = 1,1) 


X[f(r7),V,a;1,k—1,n—k]dxdz +--+ dz 
= (n—- 1)!>> Mi (a;, Vi,a;1,k—1,n—k). 
i=1 


But each term of this sum contains a determinant having two columns identical. 
Hence the sum vanishes, and this proves the theorem. 


§ 10. Normal properties; Christoffel symbols. 


If all of the parameters wu; are functions of the same parameter s , the function 
f determines a curve f(z; s). The tangent to this curve is given by formula 
(2) of §2. Let s be so chosen that the condition (1) holds. Then the first 
normal n to the curve is defined by (3) to be 


Sp Set 2) , He CLs) Oe Oe 
alia as2=—— (*, Oujdu; as ds 


n au; 
+o 


i=1 Ou; ds* ? 


where 1 / r is the first curvature and is so chosen that 


p 
f n'dx=1. 


Thus the first normals to all curves lying in f are linearly expressible in terms of 
the tangents af | du; and the second partial derivatives 3° f | du; du;. 

A function which is linearly expressible in terms of the derivatives df / du;, 
and @°f / du; du;, and which is orthogonal to all of the tangents, df / du;, 
we shall call a first normal to the space f . 

If the second derivatives d°f / du; du; are linearly independent there are 
n(n-+1)/2 linearly independent first normals to f in terms of which all 
others can be expressed. We write 
af x {" j ! of 

7 k=1 


1 I 5 eres => — 
(18) Ni (m1, Ue Un du; du; ke} Ouy’ 


where the coefficients {‘,/} are to be determined as functions of the para- 
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meters u; from the condition that the functions N,; are orthogonal to the 
functions df / du;. To calculate the {*,’ }, multiply both sides of equation 
(18) by of / du; and integrate, remembering equation (6). This gives 
* Ff af ~ {2 4 
—— —< dy = Ex. 
f Ou; Ou; aus x k - 


Now the expressions on the left may be shown to be the Christoffel triple 
index symbols* of the first kind belonging to the quadratic differential form 
(E), and can be expressed in terms of the functions £;; and their derivatives. 
Denoting them by [‘,’] we have the system of equations 


yen {2} =["7] (L=1, 2, ---n), 
k=f k l 


i ee 
¢ oa | 4) 
k 1=1 l 
where ©,; denotes the co-factor of E,, in the determinant | £;;|. The expres- 
sions { *,’ } are the Christoffel triple index symbols of the second kind belong- 
ing to the differential form (£).t 


from which we obtain 


§11. The second fundamental form. 


For the study of properties depending upon the second derivatives of the 
function f certain other fundamental quantities are important. These may 
be taken to be the quantities of either of the sets 


Bg FY 3 
f ; f a f dx ’ f Ni Nrs dx ’ 
, OU; OU; OU; OUs Ja 


or perhaps still others which can be expressed in terms of either of these sets 
and the first fundamental quantities £. Under certain restrictions the number 
of these quantities is reduced. Thus in the ordinary theory of spaces of n 
dimensions lying in a Euclidean space of n + 1 dimensions, the number is 
reduced to n (n+ 1) / 2, the fundamental functions being the coefficients of 
the second quadratic differential form. Here, however, for the corresponding 
developments it is not assumed that f lies in a Euclidean space of n+ 1 
dimensions, but only that all first normals to f have the same direction; i. e., 
that any two of the normals N;; differ from each other at most by a factor which 
is independent of x,t so that we may write 


N i= Lij N ’ 


* See Mascuke, A Symbolic Treatment, ete., loc. cit., p. 455. 

+t See Mascuxke, A Symbolic Treatment, etc., loc. cit., p. 456, equation (67). 

t The further assumption, that the third and higher derivatives are linearly expressible in 
terms of the first and second derivatives of f leads to the ordinary case mentioned above. 
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where L;; is independent of x and where 


B 
f N?dz = 1. 


Equation (18) may now be written 


(19) a ee: or; of 


Ou; OU; OUR 


Multiplying both sides of this equation by N and integrating, we have, since 
N is orthogonal to df / dux, 


B . ef 
ly= f oe, ~ 


The L;; are the coefficients of a quadratic differential form obtained in the 
following manner. We have 


Bf =x ae - du; duj+ Yt ray — Fu; . 


=1 id 


If we multiply by N and integrate, we find 


B n 
f (@f) Ndx = } 1; of dz | dusdu; = > Lj; du;du;. 


‘j=l du, du; ij=l 


This is called the second fundamental differential form and the coefficients 
L;; are called the second fundamental quantities associated with the function f. 
The following relations are easily obtained by differentiation under the 


integral sign. From 


B F) B F;) B 
f nS az =o, f N Lane, f N?dz= 1 
a Ou; a Ou; a 
we have 


e . &f PAN ~ aN of a 
9 — — — = 
oF f N dude, f du, du; aa f du; au; Li, 
* ON 
2 " = 
(21) J N <a dx = 0. 


$12. The relations of Gauss and Codazzi. 


We now apply the formulas just obtained in the proof of the extension of 
the well-known Gauss and Codazzi relations. From equation (19) we have 
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ef _ Sfis| af 
du; du; =|" r J) gf +h s, 


o- = foot tay, 


au; OUR r | OU, 


Differentiating the first with respect to u, and the second with respect to u; 
and equating the results, we find 


ij 
wy e< {i ef 9 r | as N 4, ali y 


= : L; 
OU; OU; OU; r r | 0U;OUz — om au, * ‘em, Out 


tk 
: 0 Vv 
_Bfik| vf i ¢ P aLix 
->| | 2F +>- ; pt Les i+ Ou; N 


r no Ou; 


rT 


Multiplying in turn by N and df / du, and integrating, we obtain, by the use 
of (20) and (21), after transposing, 


irae Se fik OLij_ OLix _ 
oi} - 2 fe st OU; 


ie | 


| fal ee 


(23) 


lr ~~ Larm i ed L; L tm = U. 
ius du; -E a i k L; 7 k 0 

The last relation contains the result that the expression Lj, Ljm — Li; Lim 
can be expressed in terms of the E£;; and their derivatives. 


UNIVERSITY OF MIssoURI, 
May, 1912. 








ON THE EXTENSION OF A THEOREM OF POINCARE FOR 
DIFFERENCE-EQUATIONS* 


BY 
EDWARD B. VAN VLECK 


One of the most useful theorems relating to difference equations is the well- 
known theorem of Porncaréf for the equation 


(1) u(n+r)+Pi(n)u(n+r—-1)+---+P,(n)u(n) =0, 


in which the coefficients P; (nm) possess limits A; for n = + ©. PorncaRE 
showed, namely, that if the roots of the equation 


(2) y+ Ayo+ +--+ 4,=0 


are no two of equal modulus, the ratio u(n)/u(n—1) has a limit for 
n= -+ o, and this limit is a root of (2), in general the root of greatest 


modulus.t 


* Presented to the Society at the Chicago meeting, April 29, 1911. 

tAmerican Journal of Mathematics, vol. 7 (1885), p. 213. For careful anal- 
ysis and further development of the theorem, see Perron, Crelle’s Journal, vol. 136 
(1909), p. 17 and vol. 137, p. 6. 

tIn 1904, in an article on continued fractions in these Transactions, p. 253, I gavea 
proof of Porncare’s theorem for r = 2 which was suitable for application to the class of con- 
tinued fractions there under consideration. This proof, and consequently its immediate appli- 
cability, was not fully understood by PrinGsHErM and called forth an interesting memoir from 
him (Sitzungsberichte der Bayerischen Akademie, math.-physika- 
lischer Klasse, 1910, p. 3) devoted in large part to rederiving my results. Later 
after oral and written communication between us he has recognized the legitimacy of my 
proof (Ibid., 1911, p. 64). My argument was somewhat condensed, but not more so, it seemed 
to me, than is current in articles of an investigational character. A few additional lines, which 
it is worth while to add now, would have removed any difficulty. 

When Pringsheim reaches the following theorem (p. 46), he inadvertently fails to at- 
tribute it to me, though the attribution is intended in the introduction: 


If in the continued fraction 
1 a2Zz a32 


ey i 


we have lim a, = k for n = , the continued fraction will converge over the entire plane except 
(1) along the whole or a part of a rectilinear cut drawn from z = — }k toz = © with an argument 
equal to that of the vector from the origin to z = — 34k, and except possibly (2) at certain isolated 
points pi, P2, +++. Within the plane so cut the continued fraction is holomorphic except at the 
points pi, P2, Ps, ***, which are poles. 


A(z) = 


342 
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The equation (1) is obviously equivalent to the following linear system of 
first order: 
u(n+tr) = — Pi (n)u(n+t+r—-1)— Po(n)wm(n+r—1) 
—---—P,(n)u-(n+r—-—1), 
U2 (n+ r) u(n+r-—1), 


uz(n+r)=uw(n+r-—1), 


u(n+r)=u—s1(n+r—1). 

In the following paper an analogue of PorIncar&’s theorem is sought for the 
general linear system: 
(A) yi(n) = aa(n)yi(n— 1) +--+ +ar(n)y-(n—1) (6 =1,2,-+-,7r), 
in which the coefficients a;; (n) have limiting values A;; forn = + ©. This 
extension, which is by no means superficially evident, is contained in Theorems 
1 and 2 of § 2. 

When the coefficients of (A) are constant, it gives for n = 1, 2, --- the 
indefinite iteration of a collineation. This has led me to the following paper 
on the classification of collineations. 


$1. Preliminary Considerations. 


Consider first the linear substitution (A) for a fixed value of n and seek the 
linear combinations of y:(nm— 1), ---, y-(m—1) which in consequence 
of the substitution are altered only by a multiplicative constant; i. e., 


(4) Deeiyi(n) = pRciyi(n—1), 


Inserting here the values of the y; () given in (A), we obtain an identity 
which gives the following system of equations for the determination of the 


ratios of the ¢;; 
[ai (n) om pleat a21 (n) ¢2+ os + Ari (n) ¢; = 


(5) Ayo (n) ¢y + [doe (n) — ple2+ +++ + a(n) ce, = 


yr (M) C1 + Aor (NM) C2 + +++ + [Gr (n) — ple, = 
The elimination of the ¢,; gives for p the familiar characteristic equation, 


a(n) — p a2; (n) oF Gr, (n) 


(6) dy. (n) aoo(n)—p °:: dro (2) - 


a1, (n) Aor (2) 72+ Ay (n) — p 
Trans. Am. Math. Soc. 22 
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When n increases indefinitely, every a;; (nm) has by hypothesis a limit A;;. 
The last equation has therefore the limiting form, 


~“ p Ao 


(7) Ais Ao — »~¢ 


. 
Ao, 


Suppose now that no two roots R; of (7) are equal, and let them be arranged 
in the order of decreasing modulus, 


(8) [Ril 2|Re|2---2|R, I. 


Then by taking n sufficiently large the r roots of (6), p:(m) (@=1, «++, r), 
may be distinguished from one another by virtue of their proximity to the 
roots R; of (7). Thus for a sufficiently large value of N we will have 


|Ri— pi (n)|<3|Ri— R;| (n>N;j+i). 


To each p; (n) there corresponds a set of equations (5), which we will now 
provide with appropriate subscripts and write: 


[ai,(n) — ciaiaiitadeadillies sichindenielle -+ an iiakere 
(9) i. 
Ayr (N) Cri sircian tides (n) t+ ie (n) so aitiaii 0. 


From the theory of linear substitutions it is known that r — 1 of these equations 
are independent when the roots of (6) are distinct.* These equations there- 
fore completely determine the ratios of the c;;(n) (j= 1, ---,r). Fora 
like reason the limiting equations, . 


(2 ™ a R; ) te + 4 a ~ sl te Ari Cri 
(10) ; - 4 
A Ir Cx, + a C 2 i; -+ (2 hoa R;) Crs = 


determine the ratios of the C;;._ Accordingly for each value of 7 there is some 
one of the C;; which may be placed equal to 1, and the ratios of the other 
Cj; (j = 1, -+-, 17) to this particular one will be finite. It follows then, since 
the coefficients of (10) are the limits of those in (9), that these ratios are the 
limits of the corresponding ratios of the c;;(n) forn = ©. Hence if N is 
chosen sufficiently large, the c;;(m) which correspond to the particular Cj; 
taken equal to 1, may also be set equal to 1. We suppose hereafter that this 
has been done. By means of this convention the ¢;;(n) (j= 1, ---, 1r) 
will be uniquely determined for n = N, and accordingly we shall have r 


*See, for example, pages 72-73 of Horn’s Gewéhnliche Differentialgleichungen beliebiger 
Ordnung. 
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definite combinations, 


(11) vi (n) = Doe (n) yj (n—1) (i=1, ---,7r), 
j=l 


which possess the following property: When transformed by the linear sub- 
stitution (A), they undergo the multiplicative transformation 


Deis (nm) ys (n) = pi(m) Dey (m) ys(n —1). 


For the limiting form of (11) we have j 


(12) Vin) = DG Y;(n—1) 


In the theory of linear substitutions* it is shown that the determinant 
| ej; (n) | can not vanish when the roots of (6) are distinct. We may therefore 
solve (11) for the y; (n — 1) interms of the»; (n). Similarly the determinant 
| Cj;| +0, and equations (12) may be solved for the Y;(n—1). The 
solutions will be denoted by 


r 


(13) yi(n — 1) = Dodji(n) 0; (n) 


j=l 
(14) Y¥i(n—1) =D DjiV;(n), 
j=1 


in which D;; is obviously the limit of d;;(n) forn = @. 
The ratios of the D;; can be most easily determined by considering the linear 
system of difference equations with constant coefficients 


(15) ¥i(n) =D Ay ¥j(n—1) 


to which the-limiting relations (12) and (14) may be attached. For this 
system we have 
Vi(nt+1)= RV; (n). 


Hence 
(16) Vita) o TT; tas 1) = EF; iad. 
j=l j=l 


If the expressions for Y; (n — 1) and Y; (n) which are given in (14) and (16) 
are substituted in (15), and the coefficients of each V; (nm) on the two sides 
of the equation are then equated, we obtain the following r sets of relations 


* Cf. Horn, loc. cit., p. 73. 
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(j — ie ra r): 
(An — Rj) Dia + Av Dio + +++ + Avy Dj = 
(17) Ao Dj, + (Ao2 — Rj) Diz + +++ + Aor Dir = 


An Dj, + Are Die + Cre + (Arr — R;) Dir = 


This shows that the r coefficients D;;(1 = 1, ---, r) are the homogeneous coér- 
dinates of one of the invariant points of the linear substitution (15). 

In considering the effect of the indefinite increase of n upon any solution 
yi(n) (t=1, «++, r) of (A), I propose to deal with them through the 
v;(n). For this purpose it will be necessary to find the relations subsisting 
between the v9; (n+ 1) and v;(n). With the aid of (A) we obtain 


(a+ 1) = Benet 1)9,(n) = ES Dieulat+1)en(n)m(e—2) 
ae j=l k=1 


j= 


r 


(18) = >’ > ess (n) aj, (rn) yx (n — +E Vlei (nt 1) 


k=1 


— cj (nr) aj (rn) yx (n — 1). 
Now by virtue of (9) we have 


- 
k=1 j 


As, furthermore, p; (n) has for n = o the limit R; and ¢;; (n+1) — ¢;; (n) 
has the limit 0, equations (18) may be written, 


r 


ej, (n) a(n) y(n — 1) = DY pi(m)exs(m) ye (n — 1) = pi(n)o;(n). 


vi (n+ 1) = Ro; (n) + Dens yx (n— 1), 
k=1 


where lim e;; (n) = Oforn = ©. Finally, if we substitute for the y, (n—1) 
their values in terms of the v; (7) as indicated in (13) and remember that the 
d;; have limits for n = ©, we obtain, at least for n > N, the system of 
equations, 


(B) vi (n+1) = R; 2; (n) + de; (n) v(n) (#=1,++-,4r), 
j=l 


where 
lim e;;(n) = 0. 

This system of equations forms the basis of the subsequent work. The 
values of the y;(”) and hence of the v;( + 1) depend upon the initial values 
given to the y;(0) and also upon the coefficients a;;(p), (p = 1, +-+,n). 
By exception the y;() and »v;(n + 1) may all vanish for some values of n, 
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and consequently for all succeeding values. This can happen only if the deter- 
minant of the coefficients a;;(n) vanishes for at least one value of n. We shall 
assume in §2 that at least one of the v;(n) does not vanish for an infinity of 
values of n. 


§2. Extension of Poincaré’s theorem. 
It will be supposed henceforth that 


(19) ll Bel > «+> > PRI. 


! 


When n increases indefinitely, some one of the r moduli | v; (n) | will be as 

large or larger than the remaining r — 1 for an infinite number of values of n. 

I will show that this | x; (nm) | will become and remain dominant over all the 
| Ui (2) | 


other r — 1 moduli. 


' 


Suppose first that for an infinite set of values of n we have 
(20) lm (n)| 2 | a(n) | (f=2,3, ++, 9), 


and denote this set by { n’}. The division of the first of equations (B) by 
v, (n) and of the succeeding equations by v; (n + 1) gives 

(21) = Rites (n) 

and 

v%;(n+1) R; v; (n) e; (n) 

u(n+1)” Rite(n) a(n)" Rite (n) 


(22 


in which the e (n) satisfy for n = n’ the inequalities 
(23) [er(n’)| Sre(n’), |e (n’)| Sre(n’), 


where é (n’) denotes the largest of the | e;; (n’) | in (B). Since lim é (n’)=0 
for n’ = o, it follows that for a sufficiently large value of n’ we have 


| a (n+ 1) R; | 
|v (n’ + 1) R, | 


where a is an arbitrarily prescribed positive quantity subject to the condition 
|R:|/| Ri|+a<1. Consequently n’ + 1 will be included with n’ in the 
set { n’ } , provided only m’ is taken sufficiently large. It follows that equations 
(20) to (23) will hold without exception from and after some sufficiently large 
value of n. 

From (21) we now obtain 


+a, 


| 
S| 


(24) km 2(@ +) 


n=n V1 (n) 


= R. 
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since lim @ (nm) = 0. __ It may next be shown that 





v; (n) _ 


= f= 2. 3, «9%, #}. 
a (8) 6. (i r) 


(25) lim 
For if this is not true, there will be at least some one value of 7 and some 
fixed magnitude M > 0 such that for an infinity of values of n one has 


|v; (nr) | 


Ju (nm) | 

Call this set of values {n”’}. Then since lime, (n) = lime; (n) = 0, 
equation (22) for n = n” may be written 

vj (n" + 1) R; , ” Vi (n’’) 

ae = ( “+e; (n ) a "ny? 

v, (n” +1) R, v; (n’’) 
where lim e; (n”) = 0 for n” = ». Since | R;| < | R,|, this shows that 
when n” is sufficiently large, the ratio | v; (n’” + 7) |/|1(n”’+ 3) | for 
j = 1, 2, +++ will decrease in approximately the ratio | R;|:|R,| until a 
value of j is reached for which the ratio falls below M. Thus if |v;(n)|/ |v; (n)| 
is equal to or greater than M for an infinity of values of n, there must also be 
an infinity of such values for which it falls blow M. But when it falls below 
M, equation (22) gives 


lo (n+ 1) | | Ri | 1 |e: (mn) | 


in(ati)l “lk+ata)l- * lt+a(n)l 


Since now lim e; (n) = lime; (n) = 0 for n = ©,n may be chosen so large 
in the last inequality that 


M . 


IV 








lo, (n+1)] 
In (m+ 1) ~~" 
Thus if | 0; (n)| /| 2 (n)|< M for a sufficiently large value of n, it must 
remain so for all larger values of n. But this contradicts the hypothesis that 
it exceeds M for an infinity of values of n. Consequently (25) must hold, 
as was to be proved. 
We shall next establish like results in case the r — 1 inequalities 


(26) | m (n)| = |v; (n) | (i+2). 


hold simultaneously for an infinity of values of n. Denote this particular set 
of values by { n’}. Then on dividing equations (B) for 1 = 2 by v2 (n) 
and for i + 2 by v2 (n+ 1) we obtain the following equations: 


V2 (n+ 1) 


V2 (2) 


(27) “= Re+e(n), 
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(28) u(n+1)__ kt _% (n) _€:(n) 7 

‘a ve(n+1) Retes(n) we(n)' Reter(n)’ 

9 wi(m+1)_ Ri i (n) e; (n) ae 
om v2 (n+1)~ Rz+ea(n) t%(n)* Re+ e(n) oan yom 


in which the e (n) for n = n’ satisfy the inequalities 
(30) |e: (n’)| S ré(n’) (¢=1, 2, ---,r), 


where @ (n’) denotes the largest of the | e;; (m’) | in (B). 
Equations (29) show that for a sufficiently large value of n’ we have 


(31) lo; (n’ +1)|< |] m(n’+1)| (EB, 4, +-+, 9) 
since 
|Ri|< | Rel, |v; (n’)| S| ve (n’)], lim @(n’) = 0. 


Furthermore, we must also have for a sufficiently large value of n’ 


(32) |v, (n’ +1)| < | ee(n’+1)], 
for otherwise the inequality 
lo (n’+1)| 2] 0; (n’+1)| Te oes 


would hold for an infinity of values of n’. But the latter is impossible, since 
it has been shown that | 7; (m) | would then ultimately become and remain 
dominant over all the other | v; (7m) |, which contradicts the hypothesis that 
(26) is to hold for an infinity of values of n. Now (31) and (32) together show 
that n’ + 1 will be included simultaneously with n’ in the set { n’ } , provided 
only n’ is sufficiently large. It follows that (26)—(30) will all hold without 
exception from and after some fixed but large enough value of n. 
From (27) we see next that 
(33) en AOS 22, 


n=0 V2 (n ) 
From (29) it follows also that 


. u(n+1) 
7 a =3,-°°:, ’ 
(34) lim eine il 0 (i r) 
the reasoning by which this is established being exactly parallel to that by 
which (25) was established on our former hypothesis. Lastly, it remains 
to be proved that 
(35) Hin 2) 


n= V2 (nr) a 


0. 


Suppose, if possible, this not to be true. Then there must be some magnitude 





i 
rf 
1 
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M > 0 which | ; (nm) |/| v2 (nm) | will exceed for an infinity of values of n. 
Denote this set of values by { n” }. For these values (28)?may,be written 


V1 (n”’ + 1) Ps R, , ” V1 (n’’) 
v2 (n" +1) (Git o(n ))2 (n’’)’ 


where lim e’ (n”) = 0 for n” = o. Since | R,| > | R.|, this shows that 
ultimately n’’ + 1 will be included with n” in the set {n”}. Then as 2 
increases through the natural number system, the ratio |v; (n’’+7)| / |v2(n”’+7]) 
will increase successively by factors approximating closer and closer to 
| R,|/| Re}, and hence finally we will have | 1; (n” +7) | > |v (n"’ +7) | 
from and after some fixed value of i. But this contradicts our hypothesis 
(26). Hence (35) must hold, as stated. 

In similar manner we may treat successively for j = 3, 4, ---, r the hy- 








pothesis that the r — 1 inequalities 


|v (n)| 2 | %(n) | (i+j) 


hold for an infinity of values of n. On dividing (B) by 2; (n) and 2; (n+ 1) 
we obtain three sets of inequalities similar to (27), (28), (29), which furnish 
like results. We reach thus the following conclusion: 

TuHeorEM 1. If in the system of differential equations (B) we have 


lim e;; (n) = 0 (i,j =1, 2, «++, 1) 


r= 
and we suppose 
[Ril >| Rl >--->|RI, 


then as n increases indefinitely, either by exception the r quantities v;(n) will all 


vanish from and after some fixed value of n, or some one of them will ultimately 
dominate over the otherr —1. If this be v (n), then 


im 
azo (2) 
and 
. uj (n) 
lim = 
a=m OF? ( n ) 


0 (t+k). 


We return now to our initial equations (A). We have seen that in the re- 
lations 


r 


(13) yi(n— 1) = Dodi (n) 2; (n) (em d, +««, #1 


j=l 


the coefficients tend toward limiting values D;;. The determinant | D;; | 
can not vanish since it is the reciprocal of | C;;| +0. Consequently for 
each value of j not all of the Dj; (¢ = 1, ---, 7) can vanish. Consider now 
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the equation 


r 


yi(n) — 2di(nt a(n +1) 


i(n—1)_ - 
yi ( ) > dj (n) 2; (n) 


j=1 


(36) 


If, as in Theorem 1, x, (n) denotes that one of the 2; (n) which ultimately 
becomes dominant, and if D,; denotes one of the D,; (j = 1, ---, r) which 
does not vanish, it follows by application of the theorem to (36) that 


. y(n—1) ~ da(n+1)m%(n+1) ~ %(nt1) 
lim = lim ——~ ——_—- — = lim- = R,. 
se (en) diy (n) v%% (n) v%,(n) 
Also we have 
yi (n) ~ a (n+1)H%(n+1) D,; G+) 
i s -= = v . 
ae yi(n) mse dx(n+1)ey%(n+1) Dy 
This shows that the point y;(n) (t= 1, ---, 1r) for n = © approaches as 


its limit one of the invariant points of (15). This result may be restated as 
follows: 

THEOREM 2. Let (A) be a system of difference equations in which the coef- 
ficients a;;(n) have limiting values A;; forn= ©. If the roots R; of the limit- 
ing characteristic equation (7 ) are no two of equal modulus, then unless by exception 
the y; (n) all vanish from and after some fixed value of n, there is at least one 
function y,; (n) in the solution y; (n), (J = 1, -+-, 7), for which we have 


y(n) 
po m(n—1)—_ Ri, 

where R,. is one of the roots of (7). 

If also (A) is a sequence of non-singular collineations in r homogeneous vari- 
ables, which have forn = © a limiting form, then any initial point y, (0), 

- yr (0) by the successive application of the collineations will approach as a 
limit one of the invariant points of the limiting collineation (15). 

The theorem of PorncaRE is an immediate consequence of the first part of 
this theorem, for by the very construction of (3) we have 





_ui(m)  _ te (®) 


fim (a +1) Ui-s1(n — 1) 


(i=2,-++,r). 


To guard against misconception I will add in conclusion that not all of the 
r ratios y;(n)/y:(m— 1) need have limits for n = ©, and even if they 
have, not all of the limits need to be roots of (7). The truth of the latter 
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statement will be obvious from a consideration of the special system, 
n(n) = Ryn (n—1), 
v%(n) =e(n)m1(n—1)+ Rem (n— 1) 


in which e (n) is an infinitesimal having the value 


(Bi— m2 ae 


- - 0<R, < Si< PR). 
. (n a 1 ) ( 2 1 1 
Here the limit of v2 (nm) / v2 (n — 1) for the particular integral 0; (n) = ; (n) 
is an arbitrarily chosen constant S,. 
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ONE-PARAMETER PROJECTIVE GROUPS AND THE CLASSIFICATION 
OF COLLINEATIONS* 


BY 
EDWARD B. VAN VLECK 


The origin of the following paper is to be found in the application of the 
iterative principle to the classification of collineations. To this I have been 
unexpectedly led by my preceding paper on the Extension of a Theorem of 
Poincaré. Other topics closely connected with my subject which will be 
treated here are as follows: 

1. The determination of a normal form for one-parameter collineation groups 
in n homogeneous variables, also for homogeneous linear groups in n variables. 

The form consists namely of components of the structure (3) below, where 
m is the parameter of the group. The total number of equations of all the 
components must, of course, be equal to n. 

2. The determination of a real normal form for real groups of the character 
above described. 

It consists of components of form (3), in which p is to be taken positive, 
and of components of the form (14). 

3. The enumeration and classification of these groups for any value of n; 
in particular, for n = 3, 4. 

4. The varieties and form of the real path curves (the so-called W-curves) 
for real one-parameter collineation groups in space of three dimensions. The 
quadratic complex of tangents is also briefly considered. 

The prevalent mode of classifying collineations has been developed by 
SEGRE and others and is based upon the normal form into which the finite 
equations of collineation may be transformed in accordance with the theory 
of elementary divisors. Geometrically, this form is dependent upon the 
invariantive configuration of points, lines, planes, etc. Liz, on the other 
hand, uses the infinitesimal transformation for classification.t The results 
correspond to those obtained by the preceding method. An obvious incon- 
venience or difficulty arises when a collineation is given, as is most commonly 


* Presented under a slightly different title at the Chicago meeting of the Society, April 29, 
1911. 

7 Cf., for example, Lir-Scuerrers, Vorlesungen tiber continuierliche Gruppen, pp. 65, 290- 
291. 
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the case, in finite and not in infinitesimal form. So far as I am aware, there 
has not existed prior to the present paper any criterion or formula giving the 
infinitesimal transformation, or transformations by which a given finite 
collineation may be generated — for example, a collineation with given nu- 
merical coefficients. For the case of plane collineations a passage from the 
given finite form to the infinitesimal transformation was effected as long ago 
as 1871 by Kier and Lre,* but their method has not been developed for space 
of higher dimensions. 

Lie’s work also opens up the possibility of another mode of classification 
based upon the character of the system of path curves to which an infinitesimal 
transformation gives rise. This method has been largely ignored; indeed, 
I do not feel sure that anyone has had expressly in mind the use of path curves 
for the purpose of classifying collineations. Though less direct, this method 
would have the advantage of being more discriminating than either of the two 
preceding methods. For example, while the method of SEGRE gives five types 
of plane collineations, this method at once subdivides one of his five types into 
three,f thus yielding seven distinct types in all. A complete classification of 
the path-curve systems in space S;, and correspondingly of space collineations, 
has not been given hitherto, though most interesting properties of some of 
these curve systems have been given by KLErn and Liz. 

The method of classification which I shall give here has the same discrimi- 
nating power as the standpoint last mentioned, yet retains the advantages of 
the method of SkGre. My starting point is, in fact, his familiar classification. 
The various types of collineations are iterated indefinitely, when differences 
arise between collineations of the same type, thus giving a further subdivision 
into classes. The iteration supplemented by functional interpolation also 
furnishes a one-parameter collineation group and leads to a very simple solution 
of the following problem: Given a finite collineation in n homogeneous variables, 
to set up in finite form the continuous one-parameter group (or groups) in which it 
is contained. Thereby the classification of collineations becomes parallel to the 
classification of these groups or of the accompanying system of path curves, 
except for the very restricted set of cases in which a collineation can be 
included in several groups. 

*Mathematische Annalen, vol. 4, p. 50. See also BOcurer, Bulletin of the 
New York Mathematical Society, vol. 1 (1892), p. 225. 

t Namely, the type with three invariant points. In Lie-Scuerrers (loc. cit., pp. 77-79) 
a distinction of cases is made according as the three invariant points are real or one real and 
the other two conjugate imaginaries. In the latter case the path curves are in general loga- 
rithmic spirals. No note is there made of the fact that a seventh case arises when the system 
of spirals degenerates into a system of concentric circles, although the existence of this case is 
obvious from the equations given. This failure to specifically point out the existence of a 
seventh case is indicative of the general neglect of the application of Lie’s path curves to the 
classification of collineations. 

tComptes Rendus, vol. 70 (1870), pp. 1222, 1275. 














1912] AND THE CLASSIFICATION OF COLLINEATIONS 355 


Since reaching my result I have found that precisely the same iterative 
method was previously applied in a very well known memoir by KLEIN and 
Lir* to pass from the five types of plane collineations to the corresponding 
continuous one-parameter groups. Indeed, it seems to have been precisely 
this which led to the introduction of the infinitesimal transformation.t It 
seems therefore rather strange that the iterative principle has not been similarly 
applied to the general case of n variables. Possibly the discovery and de- 
velopment of the infinitesimal transformation with its wealth of applications 
diverted work from this direction. Possibly also the generalization may have 
been overlooked because the plane collineations iterated by KLEIN and LIE 
were expressed in unhomogeneous variables and not in the standard homo- 
geneous form in which they are given today by the theory of elementary divisors. 

It is to be observed that the program here brought forward for one-param- 
eter collineation groups is the reverse of that of Lie. The method of Lrr, 
on the one hand, starts with the infinitesimal transformation and ascends by 
integration, etc., to continuous groups of finite collineations. Here, on the other 
hand, a single finite collineation is taken as the starting point, from which the 
continuous group and infinitesimal transformation are to be derived. The 
normal form obtained for the group conducts at once to the complete enu- 
meration of collineation groups in finite form for any number of homogeneous 
variables, a problem which seems to have been solved hitherto only for the 
cases of two and of three variables. 

My formulas for the continuous groups give also the parametric repre- 
sentation of the corresponding systems of W-curves. A brief study is made of 
the different classes of real W-curves in S;, some of which are new and very 
interesting. 

For the particular case of the collineation of a straight line into itself, given 


by the formula 
he ax + b, 
~ ca +d 


x 


we have in the literature the familiar division into parabolic, elliptic, hyperbolic 
and loxodromic types. These distinctions arise from the interpretation of 
the imaginary path curves upon the line as real curves in the complex plane 
of x. The classification of collineations which I have introduced here may be 
regarded as essentially a corresponding classification for any number of 
variables, though no effort has been made to interpret unreal path curves in 
n-dimensions as real path curves in 2n-dimensional space. Such an inter- 
~ *Mathematische Annalen, vol. 4 (1871), p. 50. 

TCf. Mathematische Annalen, vol. 53 (1900), pp. 6-8. In his review of Liz’s 


work NoEeTHER expresses his regret that the program of KLEIN and Lie for three-dimensional 
collineations sketched in the Comptes Rendus, was not later completed, as was projected. 
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pretation would lead to a subdivision of some of my classes in correspondence 
with the cleavage between the hyperbolic and loxodromic types in the complex 
plane. The two latter conduct by iteration any point of the complex z-plane 
to one of the two invariant points as a limit, but are commonly differentiated 
from one another because of the differences in the system of path curves to 
which they give rise. 

It may be useful in this connection to refer the reader to some recent work 
by J. Westey Youna.* By the use of “ chains ” Youna extends the notion 
of path curves in the complex plane of z in a very different manner to the case 
of two complex variables. 


Part I. THE ONE-PARAMETER COLLINEATION GROUP. 


§1. The standard form for a collineation Consider any linear substi- 
tution with non-vanishing determinant given by the formula: 


i= ay, 2% + ate + G1, Zn; 


(C’) 


2s = Ani 1 + scl + Ann Tn + 


This will be interpreted at pleasure either as the general representation of a 
collineation expressed in n homogeneous variables or as a homogeneous col- 
lineation in space of n dimensions. 

Suppose now that C’ is transformed by application of a second linear 
homogeneous transformation 7 in n variables with non-vanishing determinant. 
The theory of elementary divisors shows that by properly choosing 7 the 
transformed substitution C = TC’ T— can be brought into simplified standard 
form. In this form the variables of C are separated into independent sets, 
only the variables within a set being connected with one another. If the 
variables of a set are denoted by 2, 22, ---+ , 2,, the equations connecting them 
have the character: 

= pri, 
= 211+ pr, 
(1) 


= a2 + paz, 


= tit pry 


Thus the substitution (collineation) is resolved into component substitutions 
(collineations ) which may be considered in entire independence of one another. 
I shall call r the order of the component. The sum of the orders is equal to n. 


*These Tran sactions, vol. 11 (1910), p. 280. On the basis of his chains Youna dis- 
tinguishes six classes of plane collineations, one of which could have been readily split into two. 
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The values of p in the component substitutions are the roots of the charac- 
teristic equation 


|} 411 — p a2 gat Ain 


9 a21 =f. A2n 
(2) 


Qn1 an2 nS Qnn — 


To each elementary divisor (x — p; )’ of this determinant there will correspond 
a component of orderr. If for a multiple root p; there are several elementary 
divisors, there will be an equal number of component substitutions having 
the same value of p;. Inasmuch as the elementary divisors are not altered 
when C’ is transformed through 7’, the standard form obtained for C is unique; 
but there is sometimes the possibility of reaching it by application of essentially 
distinct transformations 7’, or, in other words, by different changes of variable 
7 

$2. Iteration of the collineation—Suppose now the original collineation 
C’ to be repeated m times. Then 


C* = TT“ (*T. 


Thus the problem of iterating C’ is equivalent to that of iterating C, the 
result in either case being obtained from that in the other by transformation 
through 7 or its inverse. 

Consider then the effect of repeating m times a component collineation (1). 
The result is given by the equations: 


= p™ v1; 


mp™" x4, + p™ 22, 


m(m—1)_., sia 
een (Ok o,f ay * a, 4} Pm, 





m(m—1)--+(m—r+2) 
(r—1)! 


pert 21 


m(m—1)---(m—r+3) 
(r— 2)! 





prrtan, + +--+ Pz. 
This can be established immediately by mathematical induction. For if 
we repeat the substitution once more, putting 

t= pt, = 2+ pt, -°°, 2 = 21+ 0f,, 


we obtain equations for the x; in terms of the x; which are the same as (3) 
but with m + 1 in place of m. 
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One consequence of the form of (3) is so immediate as to be worthy of note 
in passing, although not a new result. Suppose C’ and therefore C to be a 
periodic substitution in n variables so that C? =1. The first equation of 
(3) shows that p must be a pth root of unity. In the second equation it is 
impossible for 2, and 2, to be identical for m = p> 1. Consequently a 
necessary condition for a periodic substitution is that all the roots p; of the 
characteristic equation shall be pth roots of unity and that every elementary 
divisor shall be of first degree. This condition is also obviously sufficient. 

§3. Introduction of a continuous parameter—-When m is not a positive 
integer, the component substitutions (3), taken together, still define a sub- 
stitution which I shall denote by C™. To remove the ambiguity lurking in 
p™, it shall be understood that p is expressed in the form | p|e’’ when 
2nnr <8 S£2(n+1) x (n being an integer) , and the mth power is formed 
by the usual rule. 

Consider next the effect of performing a substitution C’ after C*. The 
resulting substitution is seen at once to be made up of components of the form: 


of? ae ahth 
x; = pit v1, 


= ¢a p*t* 1 a, + p't* xo, 


h+k— h+k—rt2 1 3 
Cri ae wits, + Cre ha si tet: + Cry r—1 de * 3 + gt 2,, 


in which the coefficients ¢c;; are polynomials inh andk. Put nwm=h+k 
in (3) and compare the coefficients of (3) and of (4). We know that any two 
corresponding coefficients are equal to one another for positive integral values 
ofhandk. If h only is given a positive integral value, the two coefficients are 
identical polynomials in /, inasmuch as they are equal to one another for 
an infinity of values of k. Consequently corresponding coefficients in these 
two polynomials in & are equal. But being equal for all positive integral 
values of h, they must be identical polynomials in h. We conclude therefore 
that for m = h+k corresponding coefficients in (3) and (4) are identical. 
Thus for all values of h and k we have 


(5) (atk _ (ih Ok _ C* Ch , 


In particular, C~* is the inverse of C’ since C® = 1. 

§4. The p-th root of a collineation.—Let p denote henceforth a positive 
integer. To obtain a linear substitution whose pth power is a given substi- 
tution C’ we have merely to put m = 1/ p and take 7 C'? T. In each 
component (3) of C”? we may choose for p}” any one of the pth roots of p;. 
Hence if C is made up of g component substitutions, we obtain in this manner 
p* substitutions whose pth power is the given substitution. 
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The question now arises whether all possible roots of a given substitution 
or collineation are thus obtained. That this is not always the case is apparent 
on taking the identical collineation x; = pr;(i= 1, ---,n) as the given one. 
Indeed, we shall now see that whenever C contains two component substitutions 
having equal values of p , there must be an infinity of distinct pth roots. Suppose 
Xi, *++, 2, and yy, +--+, u¥s(s 21) to be the variables belonging to two such 
components. Then without destroying the normal form (1) the r variables 
x; can be replaced by z; = 2; + kyi (i = 1, ---, r), where & denotes an 
arbitrary constant. Let ( be denoted by (, after these z,-codrdinates have 
been introduced. Clearly C!” is a pth root* of C which contains the sub- 
stitutions 
z=p'"4, y=p "my, 
where p'”", p'”? denote pth roots of p. If different pth roots are here selected, 
the only planes of the pencil z; + cy; = 0 which are invariant under the trans- 
formation (!? are z; = 0 and y; = 0. Now the position of z,; = 0 varies 
with the choice of k. Hence by varying its value we obtain an infinity of 
different pth roots C!”. It will be shown later that only in the class of cases 
under consideration will the number of pth roots of C,, and therefore also of C’, 
exceed p’. By way of anticipation we may therefore state the following 
conclusion: 

If q is the number of elementary divisors of (2), the number of p-th roots of a 
given substitution C’ is equal to p%, unless there are two elementary divisors having 
equal roots p, when the number of p-th roots will be infinite.T 

When C’ is interpreted as a collineation in space of n — 1 demensions, the 
number p? is to be replaced by p* inasmuch as p substitutions correspond to 
one collineation owing to the homogeneous character of the variables. 

This result is, however, only incidental. Our concern here is not with the 
number of pth roots but rather with the form into which C and any one of its 
pth roots can be simultaneously thrown. I shall show that by properly choosing 
the coérdinate planes of reference any particular root under consideration 
may be put into the form C'? without destroying the normal form of C. 
For brevity of statement it will be said that any substitution (collineation) has 
the normal form (1) if each component substitution (collineation) is of this form. 

Denote by K any particular pth root of C under consideration, and suppose 
first that K itself has first been thrown into normal form (1). Then C as its 
pth iterative has the form (3) where m = p. Make now simultaneously in 

*C’? is used throughout to denote, not any collineation whose pth power is C, but one 
which is obtained by putting m = 1/ pin each component (3) of C™. 

+ The pth roots of a given matrix or substitution have been considered in a very different 
manner by SYLVESTER; Comptes Rendus, vol. 94 (1882), pp. 55, 396. SyLVESTER’s 
results for the number of pth roots is not complete. He obtains the number only for the 
simple case gq = n, and for a certair class of cases for which the number is infinite. 


Trans. Am. Math, Soc. 23 
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each component of K and C a change of variable of the form: 
1 = Yi, 
2 = Yi + C22 Yo, 


(ci: +0). 
Xs = Yi t+ C32 Y2 + C33 Ys, 


tp = + Cr2 Y2 + — + Crr Yr 5 


and determine the ¢;; so that the component of C shall be transformed into 
normal form: 


(7) 


yi = pry, 
Yi = Yirt p? yi 


We shall see first that the ¢c;; are thereby uniquely determined. For this 
purpose let the equations (3) for C (wherein m = p) be abridged by 


x, = din ait diga. t+ +++ +i, 1 tint p? 2; 
Then by the change of variables (6) they become 


cay te, ayiaut-::tewywtn 


i—1 
= Didis (yi t+ ci yet ++ bey) +e (mt + teuy)- 
j=! 


If, now, all the cj, (j < i— 1) have been determined so that the first 7 — 1 
of equations (7) are fulfilled, the equations just written become in consequence 


i—1 i—1 


cn yi = Dedis (ys t ci yet +s Heys) + Pei yi — Dei yr. 
j=! j=2 
To make this equation identical with the ith relation of (7) we must put: 


i—1 


Cis = > di;, 


j=l 
i-1l 


Ck = > di; Cj, e-1 c coo, t—1), 


j=k-l 
Ci = d;, é—2 Cen4, $3 + 0 (eu = ie 


These equations therefore determine uniquely ce, ¢i3, ---, Ci + 0, after 
the ci_1, ; ¢i-2,;, **- have been already similarly determined. Thus the coef- 
ficients of (6) are uniquely determined by the requirement the C shall be trans- 
formed into normal form (7), as was to be proved. 

It remains to ascertain what K will simultaneously become in consequence 
of the transformation. Since by hypothesis K was initially in normal form 
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(1), the change of variables (6) throws its components into the form: 

yi = py; 

Yi = bay toes +i yet py (i=2, ++, 9), 
where the coefficients b;; are yet to be ascertained. Obviously the pth iterative 
of (8) has the same form as (8) itself, p being replaced by p” and the other 
coefficients by polynomials in terms of the b;;.. We know further that the pth 
iterative C has the form (7). If now in these two expressions for this iterative 
we equate corresponding coefficients, it will be found that we obtain a set of 


(8) 


equations of the following character: 
pbo i 
pbse i 


pbs: p+ [ 


pbss p? + [ 
pba pr + [ 
pbs p? 1 + [ 


where in each line the bracket stands for a polynomial in the b;; of the previous 
lines. Hence the b;; are uniquely determined, and consequently there is but a 
single substitution (8), with given p, whose pth power is (7). Now (7) is the 
same as (1) with p? in place of p. Consequently if we replace p by p” in (3), 
put m = 1/ p, and then substitute y;, y; for x;, 2;, we shall obtain a pth 
root of form (8) with the given p. As this root was obtained from (3) by 
placing m = 1/ p, the statement has been thus finally verified that C can 
be so transformed into normal form (1) that any particular one of its p-th roots 
shall be simultaneously of form C’”. 

§5. The derivation of the one parameter collineation group.—From equation 
(5) it is evident that we obtain a continuous one-parameter group C™ by varying 
m continuously through real values in (3). For brevity it will be said that any 
group has the normal form (3) when it consists of components of this form. 
The question next to be considered is whether every continuous one-parameter 
collineation group can be thrown into this normal form. 

In the consideration of this question it will be assumed that if any substi- 
tution is contained in the group, its inverse and one of its square roots are also 
contained therein. Thus with any particular substitution (, assumed in 
normal form, will be included a succession of 2*-th roots (N = 1, 2, ---). 
Our aim is to establish next that this entire succession of roots may be simul- 
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taneously thrown into the form C™ (m = 1/2”) by proper choice of the coér- 
dinate planes. 
To this end consider first what change of variables 


(9) Yi ad kin v1 -+- re + kin Xn 
»an be made without destroying the normal form of C. In terms of the y; 
the substitution C is to consist of exactly the same number of components with 
the same orders as in terms of the x;. Take a sample component 
’ , zs 
(10) N=POWn, W=Yate yi (i =2, +++, 8), 
in which to make the substitution (9). Since the z-variables were separated 
in C into independent sets (1), our equations (10) after the change of variables 
(9) may be split up into sets of equations, each involving only the 2-variables 
of a single component collineation. Thus corresponding to (1) we obtain 
the s equations: 
Ku ap toicee + hyp x, = p’ (hur mth thy Zr), 
kina tee thea, = p’ ( kintit --- + ki x, ) 
+ (hia ititicss +his,etr) (t=2, +++, 8). 


If the values for 2’ given in (1) are now substituted, these equations become 
identities. Unless p’ = p, we see that in the first of these identities every 
:};= 0, and then from the succeeding ones that every /;; vanishes. In other 
words, yi, --*, Ys can involve only the z2-variables of component substitutions 
which have the same value of p. When p = 9p’, the identities give 
0 1s 13 oa Ie, ’ kin, r=0, ki; _ Kin, j-1 
J . > 8; j — 2, 
Hence the part of y1, ---, ys which involves 2, ---, 2, is as follows: 


ae iss v1, 


¥: ks, s—1 U1 + kes v2, 


(ka =0 if s>r). 


¥-1 = hse 1 + hess Xotree $ kes Vs-15 
Ys = heyy 1 + hen 2 + +++ + he, o-1 e-1 + hee 2. 

The change of variables (9) therefore consists of components 

yi = Lyi t ‘+e MP 


where the y; summed are expressions (11), each of which contains the 2; of 
, 


a single component (1) having p = p’. 
We proceed next to consider the effect of this change of variables upon 
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C'?, Suppose that C comprises g components, corresponding to the values 


(12) Ply P25 ***y Pge 
Then the corresponding sequence of roots for ("” is 


« lip lip lip 
(13) +e + ***> Hs 


7 
In case any two members p;, p; of (12) are equal, we shall take the corresponding 
roots in (13) equal. Then it will be shown quickly that our change of variables 
which left C unaltered in form must also leave the form of this C’” unaltered. 
First, it is clear that any change of variable (11) leaves the first s equations 
of (3) unaltered in form, for if we multiplied the first / equations of (3) succes- 
sively by ky, s—141, hs, s-r42, +++, hss and add, we obtain again the /th equation 
of (3) with 7;, 7; in place of 2, 2;. 


Secondly, if we have several sets of 


variables 7; , y; satisfying the same set of equations of form (3), then the sums 


of corresponding variables 2y;, Dy, also satisfy such a set of equations. It 
follows therefore that we have exactly the same equations for C’” in terms of 
the y; as in terms of the 2;. Accordingly the form of C"” is unaltered. 

Consider next the totality of pth roots of C (p= 1, 2, ---), which fulfill 
the condition that any two members of the sequence (13) are equal when 
the corresponding members of (12) are equal. We have found above that 
without destroying the normal form of C any one of these roots may be brought 
into the normal form C"”, and we have just proved that then any change of 
variable which does not affect the form of C will also not destroy the normal 
form C, provided the sequences (12) and (13) are alike in respect to the 
equality or inequality of their terms. It follows that the entire set of roots 
now under consideration will simultaneously assume the normal form C"? 
whenever C itself has the normal form (1). In particular, if no two members 
of the sequence (12) are equal, every pth root (p= 1, 2, ---) will have the 
form C’?, Now for a fixed value of p the number of roots of this form is 
p*, since there are in all g components (3) and in each we have a choice of 
p values for p'”. Thus we have established the conclusion italicized in § 4, 
to the effect that when no two members of (12) are equal, the number of pth 
roots of C is exactly p*. 

We are now ready to proceed with the derivation of the normal form of a 
continuous one-parameter collineation group. With a given collineation C, 
assumed in normal form, there is also included in the group a succession of 
2"th roots (n= 1,2,---) of C. Since each of these is a square root of the 
preceding, each p;?"" in (13) is a square root of the corresponding p;!". 
Hence as n increases indefinitely, we reach a point subsequent to which any two 
members of (13), if still equal, henceforth remain so. Suppose the permanent 
status to be reached for nm 2m. Then let K denote the particular 2th 
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root of C which is included in our succession of its roots. When K is thrown 
into normal form (1), all the succeeding roots by the last paragraph must have 
the form K"? where p = 2"-”. Also C as the mth iterative of K has the form 
K™. Suppose now that C by a change of variable, as explained in § 4, is 
brought back into normal form (1). Then K takes the form C’”” and its 
ith powers the form C‘*". Its successive pth roots (p = 2”-”) before the 
change of variable (6) had the form (8), with p'*" in place of p, and they remain 
of the same form after the transformation. But in § 4 we saw that there was 
but a single substitution of such form, with preassigned values of p”", whose 
2"th power was C’, and that substitution had the form C’*". It follows that 
our succession of 2"th roots of C (n= 1, 2, +++) by proper choice of the co- 
ordinate system may all be put simultaneously into the standard form C'””. 

We now have in our group all substitutions of the form C’” and with them 
their pth iteratives C”” and their inverse substitutions C~’”". Thus our 
group has been found to contain substitutions of form C™ for a dense set of 
values of m, namely m = + p/2"(p,n=1,2,---). It remains to extend 
this conclusion to all real values of m. By hypothesis the group is continuous. 
Hence in the first equation of (3), 


x, = p"™ xX, 


such a succession of roots p™ must be selected for m = p/2” as will yield a 
continuous function. Obviously a unique continuous modulus | p |" is thereby 
determined. Let f (m) denote the real part of e'“®°". From equation (5) 
it follows that for values of h and k selected from the dense set { = p/2”} 
f (m) must satisfy the cosine law, and accordingly 


f(h+k)—f(h—k) = 2f(h)f(k). 


Since also f (m) is continuous, this equation must consequently subsist for 
all real values of hand k. But the real and continuous functions f (2) which 
satisfy this equation and do not exceed 1 in absolute value were shown by 
Cauchy to be f (x) = 0, 1, cos cx. Consequently for real values of m the 
real part of e*“*°" is cos (m arg p), and hence the group contains the substi- 
tution x; = p™ 2. 

In every equation of (3) subsequent to the first, p”™ appears in the coefficients 
multiplied by a polynomial in m with real coefficients. As the equations sub- 
sist for the dense set of values m = + p/2", it follows from considerations of 
continuity that they must also hold for all real values of m. We thus reach 
the following conclusion: 

Every continuous one-parameter collineation group in n homogeneous variables 
with real parameter m, or homogeneous one-parameter linear substitution group 
in n variables, may be thrown by proper choice of codrdinates into a normal form 
consisting of components of the form (3). 
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For m= 0 the equations (3) give the identical transformation. The 
infinitesimal transformation which generates the group may be obtained by 
assuming m to be infinitesimal. For convenience put m = dt, then on ex- 
panding the coefficients of (3) in ascending powers of dt and neglecting all but 
the first power of dt we obtain the increments* 

(—1)*x (—1)*"2, ri 
dx; = 2%; —2;= aul F 5 —— (7= 8) es ie ; = he ae log »| 
l , oe F ) ‘s 
The reality of the infinitesimal transformation will be discussed later. 

§6. Lists of one-parameter collineation groups.—Our conclusion concerning 
the form of continuous one-parameter collineation groups may be applied at 
once to the construction of a complete list of such groups for space of n — 1 
dimensions. For this purpose we write down first in all possible ways sets of 
component collineations of the form (3) for which the sum of the orders r will 
be equal to nm. Then under each set of n equations so constructed we are to 
distinguish all possible cases which may arise through the equality or non- 
equality of the p; of the component collineations, inasmuch as these cases 
differ from one another in respect to the character of the invariantive con- 
figuration of points, lines, planes, ete. Thus for n = 3 we obtain in addition to 
the identical transformation the following types of one-parameter collineation 
groups (m = parameter ): 


Type I. = 


_ ps ( p1 + p2 ¥ ps). 


m 


Pi VM, 
mp; 2, + pi 2, 
ps Xs (p: + ps). 


m 
p X, 


m—1 


mp” 2, + p” 2; 


m(m—1) 
ms ety fp mp™ xo + p™ a3. 


a= 
Type IV. Same as I but with peo = ps3. 
Type V. Same as II but with p; = ps3. 
= Taking all such sets of increments we obtain a canonical form for the symbol of an infinites- 
imal collineation more explicit than that given in Lrz-ENGEL’s Theorie der Transformations- 
gruppen, vol. 1, top of p. 585. 
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These five types of groups correspond to the familiar five varieties of plane 
collineations which result on placing m = 1. In the literature they occur 
mostly in unhomogeneous form. One such form results on dividing the last 
two of our three equations by the first and is as follows:* 


(a = parameter, k = constant ) 
ax, IV. 2’ = az, 
a*y (k #1). = ay. 
a+, 

k*y (k #1). 


xta, 


ptm a i k) . 


A corresponding enumeration of the 13 types of one-parameter collineation 
groups in three dimensions will be found in the course of $12. While such an 
enumeration for S; has been given previously;f it is to be emphasized that 
the advantage of the present results is that they can be applied with equal 
-ase and directness to a like enumeration of one-parameter collineation groups 
in finite form for n-dimensional space. So far as I know, this has not been 
previously attained. 

§ 7. Homogeneous one-parameter groups in n variables —A second appli- 
cation of the result of $5 is the construction of list of homogeneous linear 
groups in n variables. In this case certain distinctions must be considered, 
which do not arise in the case of homogeneous coérdinates and which are due 
to the interpretation of the one-parameter group as an affine group in S,, 
whereby the plane at infinity is left unaltered. These distinctions are perceived 
on bringing in an (nm + 1 )-th variable to render the codrdinates homogeneous. 
This merely adds to our system another equation, 2/., = ~,4; 41, in which 
Pni1 = 1. Hence the character of the complete invariantive configuration 
of the group is not merely contingent upon the system of equalities and in- 
equalities which subsist between the p; of the component collineations, but it 


also depends upon their equality or non-equality to the special value pny; = 1. 
A second point of difference is that the collineation x; = pa;(i = 1, ---,n) 
is no longer to be neglected, since it no longer furnishes the identical transform- 


*Cf. Fr. Meyer, Mathematical papers read at the International Mathematical Congress, 
Chicago, 1893, pp. 189-190. The above forms can be obtained by integrating the five types 
of plane infinitesimal collineations given by Liz-ScHErrers, p. 65. In type III the term 
— ak/ 2 can be removed by change of variable x =%+k / 2. 

+ Given in unhomogeneous form by Newson, Kansas University Quarterly, 
July, 1898, pp. 140-141. 
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ation. As a specimen application I shall enumerate the homogeneous one- 
parameter groups for n = 3. 
Types I-V are the same as the types I-V enumerated in $6 but with the 


added restriction that each p; + 1. We have also in addition 
Type VI. Pe Ey (p*1;%=1, 2,3). 


The remaining types are obtained from these by placing one or more of the 
p; equal to 1. We may neglect all cases in which one coérdinate remains 
unaltered, provided the changes in the other two are independent of that 
coérdinate, since then the group is essentially a group in two variables. There 
remain the two following cases. 

Type VII. Same as II but with p; = 1. 


2 = 2, = mz,+ 2; 
Type VIII. Same as III but with p= 1. 
v1; 
= mxay+ x, 


m (m —1) 


oo + mary + 23. 

The simplicity with which this enumeration is made may be compared with 
the determination of a complete list of these groups in terms of the infinitesimal 
transformation,* whence they may be obtained in finite form? by integration. 

§8. Real one-parameter groups.—When m traverses its axis of reals, the 
point (x|, --+, 2.) describes a path curve. The group is called real, when 


every real point describes a real path curve. In other words, it is one which 
‘an be generated by a real infinitesimal transformation. 


We have now to derive the necessary and sufficient conditions for the reality 
of the group corresponding to a real initial collineation C’. By the nature of 
our derivation of the group the question of its reality resolves itself into two 
parts. We have first to consider the reality of the reduction of C’ to normal 
form, and after this the reality of the group in which C is contained. In the 
reduction we shall regard the transformation of C’ through 7 as a change of 
variable. 

When C’ is real, the characteristic equation (2) is real and its elementary 
divisors, so far as they are imaginary, occur only in conjugate pairs of equal 
degree, (p — p;)” and (p— 5;)". It is fairly obvious, and can indeed be 
strictly verified, that the reduction of C’ to normal form (1) can be made in 

+ Liz-ENGEL, loc. cit., vol. 3, p. 119, or Lir-Scuerrers, loc. cit., p. 522. 

+ Cf. Fr. Meyer, loc. cit., p. 197-198. 
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such a way that to real elementary divisors will correspond real component 
substitutions (1), while to each conjugate pair of unreal elementary divisors 
will correspond two components (1) of equal order in which corresponding 
variables x;, x; of the two components are conjugate imaginaries. The vari- 
ables of the real components (1) are real linear forms in terms of the initial 
variables of C’, while the variables 2;, x; of the conjugate components are 
linear forms with conjugate imaginary coefficients. We shall suppose hence- 
forth that the reduction of C’ to normal form C has been made in such a 
manner. Then C is not intrinsically imaginary, and to convert it into real 
form we have merely to place 


Li = Yi t 123i, p= |p|-[lcosd?+ isin #] 


in one of each two conjugate components of (1), and then to split up the equa- 
tions of (1) into their real and imaginary parts. When the same change is 
effected in (3), we obtain in place of a pair of conjugate imaginary components 
of order r the following equivalent set of 2r real equations: 


yi = |p|" + [y: cos md — 2% sin md], 


2) | p™| - [y: sin md + 2 cos md], 


m(m—1)---(m—itl), |... P 
(G=1)) |p|™~*1. [y, cos (m —i+1)d 
—2z,sin(m—i+1) #] 


m(m—1)-+-(m—i+2), a on 
+ ss | »|"-H#2 .L ye cos (m — i+ 2) 9 


(1— 2!) 

—zsin(m—i+2)d8]+---+]p|™- [ y; cos md — z; sinmé] 

_ m(m—1)---(m— t+ 1) 
7 (~—1)! 


+2,cos(m—i+1)d]+---+|p|™- [y:sinmd + z,cos md], 


(i =2, +--+, 7). 


|p|™-*1 . [y, sin (m—i+1) #8 


These equations give in normal real form the component substitutions which 
correspond to a pair of conjugate elementary divisors of (2). By placing m = 1 
we obtain the corresponding components of C itself. 

We have thus ascertained the normal form into which a continuous one- 
parameter group containing a real substitution C’ can be transformed by 
real change of variable. It consists, namely, only of components of the form 
(3) with real p and of components of the form (14). We have now to examine 
their reality when the parameter m is varied continuously through real values. 
The components (14) are plainly real. On the other hand, (3) will contain 
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an imaginary factor pif p is negative. In case, however, of the existence 
of a pair of equal elementary divisors of (2) with real p;, we can regard 
them, if we please, as a pair of conjugate imaginary divisors ( p — p;)", ( p—3},)" 
in which the common argument of p;, 3; is 27 or z according as p; is positive 
or negative. We may therefore employ, instead of two like components (3) 
of order r, a single system of 2r equations of form (14). If p; is negative, we 
avoid thereby the introduction of two imaginary components into our group, 
while if p; is positive, we have a choice between two different modes, both real, 
of generating the pair of like components of C. The following conclusion 
now ensues: 

A necessary and sufficient condition that a real substitution C’ can be included 
in a real, continuous and homogeneous one-parameter substitution group is that 
the negative roots of the characteristic equation (2) shall occur in equal pairs of 
equal order. If there exist one or more pairs of equal positive roots of the same 
order, C’ can be included in two or more real substitution groups of different 
nature.* 

The reason for the failure of a real substitution C’ to belong to a continuous 
real one-parameter group is to be sought in the inclusion of projective reflections 
in its make up. By a reflection on the axis or plane of 2; is to be understood 
a transformation 2; = — 2; which alters the sign of this codrdinate, leaving 
the others unaltered. Suppose now that p in (1) is negative and set p = — p’. 
If we then make a change of coérdinates by replacing each x;, x; of even sub- 
script by its negative, equations (1) become 


— 2; = tat pa; 
Clearly this transformation can be resolved into two which are commutative, 
the one being 


(15) 


1 = p' 2 
- ——- . , 7 
® 424; = 2%4-41+ p' 2; 


while the other consists of r reflections changing the signs of x}, ---,2.. Now 
it is well known that an even but not an odd number of reflections can be gen- 
erated by a real infinitesimal projective transformation. In fact, an even 
number of reflections y; = — y;, z=; = — 2:(1 = 1,---,r) is included ina 
continuous group 

Yi = Yi COS Mr — 2 SIN Mr, 
(16) ? , (t=1, -*-,1r), 
z, = y¥;sin mz + 2; cos mr 


* J. e., real groups differing in respect to the number or order of their components (3) and 
(14). Ifin constructing (14) the arguments of p, p are changed by 27 and — 2z respectively, 
this changes the value of 9 in (14) by 27 but does not change essentially the nature of the 
group. 
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which is commutative with (14). But we have found that a pair of components 
(15) of equal order and with equal p’ can be included in a group (14) if we there 
put 3d = 27, | p| = p’ and take y,, z; to be the r variables of the two com- 
ponents (15). As (14) and (16) are commutative, we see thus why the con- 
dition that the negative p; shall occur only in equal pairs of equal orders is 
sufficient to insure the inclusion of C’ in a real continuous group. We also 
saw above that this condition is necessary. 

Consider next the reality of the group containing C’ when C’ is interpreted, 
not as a homogeneous linear substitution, but as a collineation in n homogeneous 
variables. A slight modification in the above results is now needed owing to 
the fact that we can suppress or supply a common factor in all the n variables 
x; of the collineation. The difficulty before arose from an imaginary factor 
p™ in the right-hand members of (3) when p was negative. But we are now 
at liberty to introduce a common factor (— 1)” into all the n variables 2; . 
If at the same time in each of the components (3) a change of coérdinates is 
made by replacing every 2x; , x; of even subscript by its negative, we obtain the 
same equations as at start save for a change in the sign of every p. Thus the 
réles of the positive and the negative roots of the characteristic equation 
are interchanged, while the argument of each imaginary root is changed by 7. 
We reach therefore the following criterion for the reality of our group: 

The necessary and sufficient condition that a real collineation C’ in n homo- 
geneous variables can be included in a continuous and real one-parameter colline- 
ation group or, in other words, that it can be generated by a real infinitesimal 
collineation, is that either the elementary divisors which correspond to negative 
roots of (2) or those which correspond to positive roots shall occur only in equal 
pairs, or not at all.* 

If this condition holds for the positive (negative) roots and there is at least 
one pair of equal negative (positive) roots of equal order, then C’ can be in- 
cluded in two or more real groups of different nature, and only then. 

The conclusion concerning the form of the real group which has been reached, 
though not expressly stated, can now be summed up as follows: 

Every real and continuous one-parameter collineation group in n homogeneous 
variables, or homogeneous group in n variables, by proper choice of the codrdinate 
planes can be expressed in a normal form which consists only of components of 
form (3), in which the p; are positive, and of components of form (14). 

$9. Lists of real one-parameter groups.—The method of §$6, 7 can be 
extended to construct lists of linear and homogeneous one-parameter groups 
under the added requirement that the groups shall be real. We have first 


* This condition has been previously obtained by Taser who gave the condition in terms of 
the numbers of Sytvester. Cf. Bulletin of the American Mathematical 
Society, vol. 2 (1896), pp. 225-7, theorems 1, 2 and 6. The connection between these 
numbers and the degree of the elementary divisors is explained by him in vol. 3, pp. 157-8. 
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to throw together in all different ways sets of equations of form (3) and (14) 
for which the total number of equations shall be equal to n, and in those of 
form (3) pis now restricted to be positive. Then for each different combination 
of n equations all possible cases are to be distinguished which differ in respect 
to the invariantive configuration of points, lines, planes, etc., due account being 
taken of the homogeneous or non-homogeneous nature of the coérdinates. 
For n = 3 we get seven types of real one-parameter collineation groups. Five 
of these are the same as in § 6, except that the p; are now restricted to be 
positive. In addition, we have the two following types: 


Type VI. 2, = pr 21> 
= | po ™- [y cos md — zsin md], 
‘p2 |" - [y sin m? + z cos md | 


in which p; + | po!. 

Type VII. The same but with p; = | p2!.* 

A list for n = 4 is scattered through § 12, the total number of real types 
distinguished being 19. No account is there taken of distinctions similar to 
that just made between types VI and VII. 

Of real homogeneous groups in three variables there are eleven types, eight 
of which have been already given in § 7, but the p; therein are now taken to 
be positive. In addition, we have the types VI and VII just given with the 
added restriction p; + 1, | p2| + 1, and an eleventh type which is the same 
as VI above but |p2!=1, | p:|+1. When p; = 1 in VI, the group is essen- 
tially one in two variables. 


Part II. THe CLASSIFICATION OF COLLINEATIONS. SPACE JV-CURVES. 


$10. The mode of classification—The principle to be used for the classi- 
fication of collineations is that of infinite iteration. As stated in the intro- 
duction, we assume at start the usual classification given by the theory of 
elementary divisors. The standard form there obtained for a collineation 
depends upon the nature of the system of elementary divisors of its character- 
istic equation, or, geometrically considered, upon the character of the invari- 
antive configuration of points, lines, planes, etc. The equalities and inequalities 
subsisting between the roots p; of the elementary divisors are thereby involved. 
When collineations of the same standard type are iterated, differences arise 
which depend upon the relative magnitude of the moduli of the p;. Hence we 
get a further subdivision into classes. Although the effects of the iteration of a 
collineation and its inverse may be very different, it will be convenient never- 


* For these groups in terms of the infinitesimal transformation see Liz-ScHEFFERs, loc. 
cit., pp. 74-82. 
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theless to include both under the same class, inasmuch as they belong to a 
common group. Thereby the number of different classes is somewhat di- 
minished. 

The iterative principle applies alike to real and unreal collineations, de- 
manding nothing beyond a knowledge of the characteristic equation. To 
effect the iteration of C we increase m through positive integral values in each 
component of C™, while to iterate the inverse collineation m is to be decreased 
through negative integers. Instead, however, of changing m discontinuously 
we might allow it to increase or decrease continuously through real values. 
Thus our classification is also simultaneously one for continuous one-parameter 
collineation groups. It is, however, to be observed that if account is taken of 
reality, there is a very restricted class of cases (cf. §8, near end) in which a 
real collineation can be included in two or more real collineation groups of 
different nature. To this extent the parallelism between the classification of 
collineations and of one-parameter collineation groups fails. 

When m traverses its axis of reals starting from m= 0, the point 
P’ = (2, «++, 2) starts from an initial position P = (2, ---, a) and 
describes a path curve real or imaginary. These curves are sometimes called 
W-curves on account of their projective properties and are of especial interest 
when real. With the accompanying group they are then generated by real 
infinitesimal transformation. Thus our classification for real groups becomes 
one also for the system of path curves and is based essentially upon the char- 
acter of this system. 

An interesting extension of the notion of a W-curve will be obtained by 
allowing m to roam over its imaginary domain. Then the system of the com- 
ponents (3) and (14) of C™ is to be interpreted in a real space of 2n-dimensions, 
in which P’ traces a two-dimensional path locus. Into this extension I shall 
not enter here. 

The classification of plane collineations (m = 3) brings out little essentially 
new, but will be developed briefly to illustrate the method and to facilitate 
the discussion for n = 4 which follows. It should, however, be pointed out 
that we are led to distinguish 9 classes of one-parameter groups in a plane, as 
against 7 previously noted. However, the two new classes (Nos. 5 and 8) are 
not real, even when the generating collineation (m = 1) is itself real. 

$11. Collineations in a plane (n = 3) .—I shall classify a plane collineation 
C simultaneously with the one-parameter group in which it is included. The 
equations of the former are obtained from those of the latter by putting m = 1. 
The five types of each which are ordinarily distinguished are repeated below 
in normal form. By iteration further subdivision into classes results, which 
will be numbered consecutively and independently of the type number under 
which they are found. 
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Type lI. x, = pi 2;,(t=1,2,3), pi + ;. Characterized by three invar- 
iant points and lines, which are taken to be the coérdinate system. Assume 
|p1}| 2 | p2| 2 | ps|. Then on increasing and decreasing m either through 
integral values or continuously we obtain a subdivision into the following 3 
classes. 

Class 1. | pi| >| p2| >| p3|.—When m starts from the value 0 and in- 
creases indefinitely, P’ = (2, 2,, 2,) leaves an initial position P = (2,, x,, 2) 
and approaches as a limit the invariant point J; = (1,0,0), unless P should 
lie upon the invariant line 2; = 0 when the limit is the second invariant point 
Ie = (0,1,0). For indefinite decrease of m the limit of P’ is the third in- 
variant point J; = (0,0,1). When the p; are all real and of like sign, C is 
generated by a real infinitesimal transformation and is said to be of hyper- 
bolic type. The form of the path curves is well known.* A consideration 
of the ratios of x1, 21, 23 for m = + @ or — o, will show that at J; and J. 
they are tangent to x3; = 0 and 2; = 0 respectively. When the p; are not all 
of the same sign, C contains as a constituent a projective reflection, but the 
limiting effect of the iteration is not affected thereby. 

Class 2. | pi| >| p2! =| 3|.—No separate discussion is required for 
the assumption | p:| = | p2| >| p3|, since the characteristic roots for our 
inverse substitution C~' have the order of magnitude | py'| = | py'| > | p;'}. 
For indefinite increase of m the point P’ has the limit J;, unless the initial 
point P lies upon 2; = 0, while for indefinite decrease of m there is no limiting 
position of P’. Real groups of this class are obtained only when the initial 
transformation C’ which has been transformed into C is real and gives a pair 
of conjugate imaginary roots pz, p3 for its characteristic equation (2). Then 
the real equations of the group have the form VI of §9, where p; may be taken 
to be positive. The path curves take their simplest form when the line at 
infinity is chosen for the axis 2; = 0, and when the two invariant points upon 
it are taken to be the circular points. Then y = 0, z= O are at right angles, 
and the path curves form a system of logarithmic spirals winding around the 
origin. 

Class 3. | p1| =| p2| =| p3|.—The indefinite increase or decrease of 
m gives no limiting position for P’. When C’ and its group are real, the 
latter has the real form VII given in §9. The logarithmic spirals of class 2 
have now degenerated into concentric circles around the origin y = 0, z = 0. 


Type II. “ee, 
= mp} '2,+ pi’ 2X, (p1 + ps). 
= p3 23 


Two invariant points, Jz = (0,1,0), J; =.(0,0,1). 


* For drawings and further information concerning the plane W-curves, see SCHEFFERS, 
Encyclopaedie der math. Wissenschaften, III D4, §§ 13-19. 
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Class 4. | p,| >| p3|.—The indefinite increase and decrease of m give 
I, and I; respectively as the limits of P’. If p1, ps are real and of same sign, 
the group is real. The system of path curves will be found in the second 
figure of SCHEFFERS, our equations showing that they are tangent to x; = 0 
and 2; = 0 at J, and I; respectively. 

Class 5. |p:| =| 3|. In this case x,, 2, tend with increasing | m| to 
become infinitesimal in comparison with x,. Hence whether m increases or 
decreases, P’ has a unique limiting position J,. An exception occurs if the 
initial point P lies upon the invariant line x, = 0, when there will be no 
limiting position for P’. There is no real collineation group of this class, 
since pi, p3 are of opposite sign when real. For m = 1, pi: = — p3, we have 
as the initial collineation C one which differs from the initial collineation of 
class 9 merely in the inclusion of a projective reflection. This prevents its 
generation by a real infinitesimal collineation. 


Type III and class 6. 2, = p"2,, 
m 2, + p” ts , 


-™ = DD is ai + mp™* 22 + p™ 23. 
By cancellation of the common factor p™ in the three right-hand members, it 
will be seen that the path curves are rational, the form of the equations showing 
that they are conics which touch the only invariant line 2; = 0 at the only 
invariant point (0, 0,1). They have, moreover, quadruple contact with 
one another in this point. 

Types IV and V are degenerate cases of I and II in which the path curves 
are straight lines. 

Type IV. Same as I but with pe = pz. 

IV, Class 7. | p1| > | p2|.—When m indefinitely increases or decreases, P’ 
moves on a line 22 = ¢x3, and its two limiting positions are (1, 0, 0) and the 
invariant intersection of this line with x; = 0. 

Class 8. | p:| = | p2|.—There is no limiting position for P’ on its path 
line. The group can not be real. C is a projective reflection when p; = — pe. 

Type V and class 9. Same as II but with p; = p3. The limit of P’ on the 
invariant line 2; = ca; is the point (0, 1, 0) irrespective of whether-m in- 
creases or decreases. 

In conclusion, it may be pointed out that the collineations of classes 7 and 8, 
namely 


, 


X= ph, Lo = Poko, Xs = Pots, 


can also be included in groups of class 2 or 3 respectively. By placing them, 
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as has been done, in groups characterized by exactly the same invariant 
points rather than in groups with fewer such points, an exact parallelism 
between the classification of collineations and one-parameter collineation 
groups has been attained. When collineations of class 7 and 8 are real, they 
can, of course, be included in real groups of type VI and VII, $9. 


$12. COLLINEATIONS IN THREE DIMENSIONS (n = 4). 


I shall, as before, classify simultaneously collineations and one-parameter 
collineation groups. The conditions characterizing types and classes will be 
given in their general form, but the discussion will be confined to the real represen- 
tatives of the classes. Consequently throughout the discussion the p; are assumed 
to be positive or pairs of conjugate imaginaries. ‘The principal aim in view is to 
find the real groups which give real W-curves. The possible types of real groups 
are denoted by G; (i = 1,2,+--). By the iterative principle the 13 types of 
space collineations and one-parameter groups subdivide into 34 classes. In 
the last 16 of these classes the path curves lie in planes passing through a 
common axis, and in two others (11 and 17) the path curves are imaginary. 
I obtain therefore 16 real types of space W-curves.* 

When invariant quadric surfaces can be formed under any class, this fact 
is noted. 

Type I. 2%, = pF 2;; p; + P, (i=1, 2,3, 4). 


It may be assumed that | p:| =| p2| 2! ps| = | pa}. 

Class 1. | pi! >| p2| >| 3| >| s|.—This case is parallel to case 1 
of plane collineations. In each of the four invariant planes x; = 0 we obtain 
plane collineations. When P’ = (2,, ---,2,) starts from any initial position 
P = (a1, +++, #4) outside of these planes, it describes a true space curve ter- 
minating for m = + o in the invariant point 7, = (1, 0, 0, 0) and for 
m= —  inI,=(0,0,0,1). This particular class of W-curves is very 
well known and has the important property that their tangents cut the 
coérdinate planes in four points whose anharmonic ratio is constant, not 
merely for a single path curve but for the entire system.j Consideration of 
ratios of the x; shows that the path curves at J; are tangent to the line x3 = 0, 
x, = 0 and have a; = O for their osculating plane. A similar result holds 
at I, e 

* Scnerrers (III D.IV, p. 214) seems to say that the number of varieties is 13. Although 
this is the number of types of continuous one-parameter collineation groups when no account 
is taken of reality, several varieties or classes of W-curves are to be found under some of these 
types. 

7 Cf. Kiem and Liz, Comptes Rendus, loc. cit. Other interesting properties are 
given. Their attention is confined for the most part to the curves belonging to class 1. Cf. 
also ScHEerrers, loc. cit., § 20. 
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When 1: ps = p2 93, the path curves lie upon the invariant hyperboloids 
2124 = cst. #223. Also if either p? or p; is equal to the product of two of the 
other three p;, the curves will lie upon a surface of second order. If both 
P1 Ps = po p3 and pz = p, ps, then p3/ pf? may be taken as a parameter 7, 
in terms of which the equations of the path curves are 


2’ = 2, y=ry, 2’ = 72, 
where 
z= 2/2%, y = 22/2%, Z= 23/2. 
Hence for this special case we have a system of twisted cubics, having contact 
in two of the invariant points. 

Class 2. | pi| >| p2| =| 03] >| ps|.—To obtain real path curves we 
must suppose p2, p3 to be conjugate imaginaries and employ correspondingly 
two equations of form (14). We obtain thus a second type of real one-param- 
eter group: 


r= p; 2, 
ae. ll 
(G2) ss (pi i), 
y, = o” [y, cos md — 2, sin md], 
z, = o” [y, sin md + 2, cos mv], 
where in the particular case before us we have 
t=1, jg=4, p=m, p=m, ce =p;3, ce =p. 


Here real coérdinates y;, 2; are used in place of x2 = y; + iz1, %3 = yi — 721. 
The form of the equations shows that as m traverses its axis of reals positively 
or negatively, all path curves outside of the invariant planes tend toward the 
two real invariant points J; = (1,0,0,0) and J, = (0,0,0,1) respectively 
as poles, and wind an infinite number of times around the joining line. 

To study the curves further take x; = 0 to be the plane at infinity and use 
ordinary orthogonal codrdinates 

xj 


z= == 
a,’ y a,’ 


< 

my 
x 
A) 


x 
Il 
| 


8 


+ 


Then the path curves will lie upon the surfaces of revolution 


(17) x? = est. (y? + 2*)*, 
where 
p — 108 ei! v% 
log o/ pi’ 


This is generated by a plane W-curve z = cr*? of class 1. Upon these sur- 
faces of revolution the path curves wind around the z-axis in such a manner 
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that their orthogonal projections upon x = 0 are logarithmic spiralis having 
the origin as pole. 

A special case of interest is that in whick o? = p; py. Then the surfaces of 
revolution are paraboloids generated by the parabolas x =cr?. We can collin- 
eate these into ellipsoids and hyperboloids having double contact with one an- 
other. If, in fact, we put (17) into the homogeneous form 2; 24 =cst. [yj +27] 
and choose for 2; = 0 and 2; = 0 two parallel planes cut orthogonally by 
yi = 0, 2; = O in the points J, and J, respectively, this will be accomplished. 
The ellipsoids of revolution lie between the parallel planes which they touch 
in I, and J,, and among them is one which is a sphere. It can now be shown 
quickly that the W-curves upon the sphere are spherical loxodromes. To 
prove this, it suffices to show that seen from J, they are the stereographic 
projections upon the sphere of a set of logarithmic spirals which lie in the 
plane 2, = 0 tangent to the sphere at the diametrically opposite point J; and 
have this point as their common pole. Now the equations of the cones which 
project the W-curves from J, as center are obtained from G2 by omitting the 
equation 2, = pi a,. Consider the section of this cone with 2; = 0. If the 
homogeneous coérdinates receive the usual interpretation by which they are 
proportional to the distances of the point from the corresponding coérdinate 
planes, y; and z; for any point of the section will be proportional to the distances 
of the point from the axis of y; and z; in this plane. The equations for y;,, z; 
show then that the section is a logarithmic spiral with the origin J; as pole. 
Hence the W-curves upon our family of ellipsoids and hyperboloids are their 
intersections with cones having these logarithmic spirals for their bases and I, 
for their common vertex. In particular, their intersections with the sphere 
are the desired loxodromes. This special case of a W-curve has been pre- 
viously noted.* 

Class 3.¢ | pi| >| p2| >| 3| =| s|.—The real groups of this class 
have the above form G2 but with the special values 

+=1, j= 2, ps = oe*, pe = oo. 
The discussion is quite similar to that for class 2. In the generating curve 
(17) we now have k < 1, whereas in class 2 we have k > 1. As before, the 


W-curves are spirals winding around the axes of x and having J; as a pole, 
but the surfaces of revolution (17) upon which the spirals lie so spread away 





* Cf. Kier and Lip, loc. cit., p. 1224. 

7 This case is identical with that for which | :| = | p2| >| s| >| «|, since for 
the inverse substitution in class 3 the characteristic roots have the reverse order 
| pa? | = | ps? | > | po | > | pi? |. “A corresponding remark applies to the other classes, 
and the reader will find that all possibilities have been duly cared for. 


» 
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from the z-axis as not to pass through J,. This point is no longer a second 
asymptotic pole of the spirals. 

Class 4. | pi! >| p2| =| p3| =| ps|.—We have the same equations as 
for class 3 but with k = 1. Hence the surfaces (17) are cones of revolution. 
The W-spirals upon these cones are doubly loxodromic, cutting at one constant 
angle the pencil of planes through the axis of the cone and also at a constant 
angle a second pencil of planes parallel to z = 0.* The invariance of the two 
angles follows a consequence that the orthogonal differentials dz’, 
dr = dV(y')? + (2)? and (y dz’ — 2’ dy’)/V(y')? + (2’)?, due to any 
infinitesimal change in the parameter m, contain a common factor p;'/ p;', 
which is the only part dependent upon m. 

Classes 5 and 6. | pi| = | p2| >| ps| = | ps|.—To obtain a real group 
we must take p;, p2 and p3, ps to be pairs of conjugate imaginaries. We 
introduce accordingly two sets of equations (14) and obtain the following type 
of real one-parameter group: 


m 


y, = o1' ly, cos md, — 2, sin md,], 
a; [y, sin md, + 2, cos md, | (pr = v1 e*9,), 
a; [y2 cos mI, — z, sin md,], 
a; [y. sin md, + z cos md, ] ( p2 = oze*92 ), 


The four invariant points are now pairs of conjugate imaginaries which lie 
upon the two opposite invariant edges, y: = 0,2, = 0 and y= 0,2 = 0, 
of our tetraedron of reference. Obviously P’ lies in two planes revolving 
around these edges as axes. If, for convenience, these edges are taken per- 
pendicular to each other and also the coérdinate planes which meet in 
each, the two moving planes change uniformly with m, revolving at rates 
depending upon #; and #2. At the same time the ratio of the distances P’ 
from the two axes, V (y,)? + (2,)?/V(y,)? + (2%)*, increase in geometric 
ratio as aj'/ o;. While it may be said that in general the path curves wind 
simultaneously around the two edges, the statement may require proper 
modification because of the passage of P’ to the plane at infinity during a 
revolution of either plane. 

The characteristics of the path curves depend upon the relative commen- 
surability or incommensurability of 3; and 32. We consequently distinguish 


the two following cases. 


* Scuerrers, loc. cit., p. 252. Cf. also Liz-Scnerrers, Vorlesungen wiber Differential- 
gleichungen, p. 244. 
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Class 5. 0; > 92; 32 and de relatively commensurable.—Suppose qd2 = pd; 
where p and q are integers relatively prime. After a change of gzx/ 3; in the 
value of m the two revolving planes return to their initial positions, having 
performed g and p half revolutions respectively about their axes. Hence the 
path-spiral cuts an infinite number of times every intersection of the two re- 
volving planes. 

A special case of interest is that for which 3;= +¥8.. Because the two planes 
revolve at the same rate, their intersections compose one set of generators of 
a ruled surface of second order. The axes of revolution belong to the other 
set and divide the surface into two regions. The generating point P’ can not 
cross these axes since they are invariant lines for G3; and must therefore 
remain continually in one of the two regions. This can only be if P’ passes 
to infinity during each half-revolution of the two planes. The W-curve 
which it traces therefore traverses the region from infinity to infinity an in- 
finite number of times. Furthermore, as m indefinitely increases or decreases, 
o;"/ o™ tends toward © or 0, and V (y,)? + (2, )? tends to become infinitesi- 
mal in comparison with V(y?) + (27) or vice versa. The branches of the 
W-curve tend to approximate in the one case to the axis y, = 0, 2. = 0 and 
in the other case to y; = 0, 2, = 0. 


Class 6. Same as class 5 but with 3), 32 relatively incommensurable.—The 
path curve meets each intersection of the two revolving planes but once. 


Class 7. 01 = a2; 01, 32 unequal and relatively commensurable.—This case 
differs from case 5, in that P’ returns to its initial position after an increment 
of + qz/ 3; or + 2q7/ 3; in m according as q — p is even or odd. Conse- 
quently the path curves now close. They may be regarded as degenerate 
cases of the unclosed spirals of class 5, just as the circles of class 3 of plane 
collineations have been looked upon as degenerate cases of the logarithmic 
spirals of the preceding case. 

Let r denote the larger of the two numbers | p| and |q|. Then if all the 
right hand members of G; be multiplied by sec” m#,/ q, they can be expressed 
as polynomials in terms of 7 = tan md;/q or 7 = tan md;/ 2q according as 
q — p is even or odd. It thus appears that the W-curves of this class are 
rational curves of degrees r and 2r respectively. Furthermore each curve lies 
upon a ruled invariant quadric 


(yi)? + (21)? = L(y2)? + (2)7], 


where k has the value Vy? + z?/ Vy? + 22 depending upon the initial point 
P= (m1, 21, Y2, 22). Two particular generators of this quadric belonging 
to opposite systems have the equations 
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— See See en 
Vata Vat ee  Vyit+et 


y; Y> Z z; 
pi — nto = O, = 0. 
Vata Vyst2 


Vata Vyzt% 
Substituting here the values for y;, --- , z2 given in G; and putting 


. Y2 
sn ag = — 


9 ’ 
Vy; + 2; 


sin zm eC = 

In ay = - = Ss a, = ———_,, 
/ 2 2 2 al 

VY oa Vy; + 2% 

we obtain the following pairs of equations for determining the intersections of 

the curve with the two generators: 


sin (md; — a) = sin (mdz — az), cos (md; —a,) = cos (mdz. — az), 
and 


sin m (3, — a.) = sin( md, — az), cos (md, — a) = — cos (md_ — ae). 
These have respectively the solutions 


md, ar— ar 2nr 
q o~ 2? il 
and 
md, mwtasrt ao 2nr 


q q+p qt p’ 


When q — p is given, there are |q— p|/2 of the former solutions and 
|q + p|/ 2 of the latter which lie within an interval of z for md,/q. Hence 
the curves then intersect one system of generators of the quadric in | q— p|/2 
points and the other in|q+ p| /2 points. When q— p is odd, these numbers 
are to be doubled. 


Class 8. 01; = o2; 3: and 8, unequal and relatively incommensurable.— 
The curves lie upon the ruled quadrics of class 7, but they are no longer rational 
and they cut each generator an infinite number of times. 


m 


Type Il. X= pir, 
mpi ' a1 + pi x2, 
(G,) (pi + ps). 


m 


P3 X35 


m 
Py Us 
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There are three invariant points: J; = (0, 1, 0, 0), Iz = (0, 0, 1, 0), 
I; = (0,0,0,1). When | m| increases indefinitely, x; becomes infinitesimal 
in comparison with z,. The nature of the path curves can best be seen by 
using the rectangular coérdinates x = x2/ 21, y = 23/21, = 2%/2,. The 
equations of the curves become 


(18) ‘ y= yy, “= (*) Z. 


Pl Pi 


The point P’ traces a W-curve on a cylinder whose axis is parallel to the 
x-axis and whose intersection with the (y, z)-plane is a plane W-curve of class 
1. The position of these W-curves relatively to the invariant points depends 
upon the inequalities subsisting between the moduli of the p;. 

Class 9. | p:| >| ps! >| ps|.—The path curves run between J; and J;, 
having at J; a common tangent line, 73 = 0, 2; = 0, and a common osculating 
plane x, = 0 while at J; they are tangent to the opposite edge of the codrdinate 
tetraedron and have 2; = 0 as their common osculating plane. When 
ps = pi ps, the curves lie upon the invariant quadric surfaces x} = cx; 24. 

Class 10. | p3| >| 1| >| 4|. The path curves run between J, and J;, 
having at each point an invariant coérdinate axis as a common tangent and 
an invariant coérdinate plane for osculating plane. When p? = p3 ps, they 
lie upon the quadric aj = cz3 24. 

Class 11. | :| =| 3| >| s|. The group and path curves are imaginary. 


Class 12. | pi| =| p3| =| os|.—Taking p3, ps to be conjugate imagi- 
naries, we have the following fifth type of real one-parameter group: 


m 
= Py De 


m— 


i l m 
= mp, 2%+ pi 2s» 

o” [y, cos md — 2, sin md], 

o” [y sin md + 2, cos m#] (cet? = ps) 


If we use the rectangular coérdinates x = 22/21, y = yo/%1, 2 = 22/1, 
then in place of the last two equations of (18) we have two equations similar 
to the last two of G;. Hence the path curves now lie upon cylinders whose 
cross sections are logarithmic spirals (i. e., plane W-curves of class 2). 
Class 13. | pil = | ps| =| ps|.—Since p: = o, a common factor o” can 
be removed from all four equations of G;. The logarithmic cross sections of 
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the cylinders of the preceding case become concentric circles. All the 
W-curves are ordinary helices with a common axis.* 


Type III. 
t= py uy, vs Ps U3, 
(Ge) (p3F pi). 
2, = mpr'2,+ pr ze; r, = mps ast ps x, 
Using the same rectangular coérdinates as under type II, we have in place 
of the last two equations for y’, 2’ in (18) two others which are similar to those 
just given for 2,, x,. The cross section of our cylinder is therefore now a 
plane W-curve of class 4. 

Class 14. | p;| + | p3|.—The path curves run between the only two in- 
variant points (0,1,0,0) and (0,0, 0,1), where they touch two invariant 
lines; ete. 

Class 15. | pi1| = | p3|.—Taking pi, p3 to be conjugate imaginaries we 
get the following seventh type of real group: 


o™ [y1 cos md — 2, sin md], z, = o™[y, sin md + 2; cos md], 
mo™" |y, cos (m — 1) 8 — 2, sin (m — 1)8] 
+ o” [y2 cos md — 2 sin md], 
z, = mo™ [y, sin (m — 1) 8+ 2, cos (m— 1) 8] 
+ o™[y2 sin md + z cos mi]. 


For convenience, take the non-intersecting axes y; = 0, z; = 0 and y. = 0, 
z2 = 0 to be perpendicular. Then P’ lies in two planes revolving about these 
axes. One of these planes turns uniformly about the former axis, for uniform 
change in m, but the motion of the other plane depends on two groups of 
terms of rotary character in y,, z,. One.of these groups is affected with a 
multiplier m , and hence as | m | increases indefinitely, the other group becomes 
relatively infinitesimal. In consequence, the motion of the second plane 
about its axis tends to become uniform. Now an increment of z/¥# in m 
will change simultaneously the signs of all four coérdinates of P’ and for ex- 
cessively great values of |m| alters the position of P’ only infinitesimally. 
But it also turns the first plane through a half revolution about its axis y; = 0, 
z=0. As P’ can not cross this invariant axis and returns very nearly to its 
initial position after the half rotation, it must have passed out to infinity in the 


*Cf. Scuerrers, loc. cit., p. 215. 
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course of the half rotation. Furthermore, as | m | increases indefinitely, y, , 2 
tend to become infinitesimal in comparison withV (y, )*+(2,)’. We see there- 
fore that our path curve consists of an infinity of pieces which with indefinitely 
increasing or decreasing m tend to approximate to the only invariant real 
line of the collineation, y; = 0, 2; = 0. 

If p: = — ps our path curves are imaginary but lie upon invariant quadrics, 


Te V3 + U1 4 oe C2 ®3 = o. 
Type IV. 


, m—1 m 
ro = mp; Xr, + p; re, 


m(m—1) 


m—2 » a Wt 
») Py vy + Mp, r i P; ws, 


Ps 1 


Class 16. | pi| + | ps|.—The path curves connect the only two invariant 
points (0,0,1,0) and (0,0, 0,1), at each of which they touch one of the 
two invariant lines and osculate one of the two invariant planes. If rectan- 
gular coérdinates are introduced as under type II, they will lie upon cylinders 
whose cross sections are conics (cf. class 6 of plane collineations) . 


Class 17. | pi | =| 4|.—The path curves are imaginary, and have the 


point (0, 0, 1, 0) as terminus or limiting point, irrespective of whether m 
increases or decreases indefinitely. 


Type V and class 18. 


p Xi, 
mp™ 1a, + p™2o, 


m(m—1)._, ™ 
a7 tit mp™ 2+ p™ Is, 


m(m—1)(m— 2) _ m(m—1) 
and af m3 x, E 


3 | a p™ x2 + mp™ 123+ p™I4. 


My = 


After cancellation of the common factor p™ we have polynomials in m of degree 
< 3, which shows that the W-curves are twisted cubics. They pass through 
the only invariant point where they touch the only invariant straight line and 
osculate the only invariant plane. As in type IV, the curves lie upon invari- 
ant cones defined by the first three equations. 
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This completes the enumeration of the cases in which the W-curves are 
true space curves. In the remaining types of collineations two or more of the 
p; of the component collineations are equal. If p; = p;, we have a pair of 
equations of form x; = p? x;, 2; = p; z,, 80 that the path curves must lie in 
the invariant planes of the pencil x; = cz;. In the remaining classes the 
systems of path curves differ from one another in respect to the disposition 
and types of the plane W-curves involved. The classes will be enumerated 
without further comment. 


Type VI. Same as I with ap; and p; equal. 
Class 19. pi = pe; |pil >| ps] >| ps]. 
Class 20. p2 = p33 | pi] >| p2| >| ps|. 
Class ‘21. pi=p2; |p| =| ps| >| pal. 
Class 22. p; = p23 | pi| + | 3| =| ps|.—This gives an additional 
type of real group, the same as G2 but with p; = p;. 
Class 23. pi = pe; | pil =| es! =| pal. 


Type VII. Same as I but with pi = po = pz. 
Class 24. | pi| =| pal. 
Class 25. | pi| =| pal. 
Type VIII. Same as I but with p: = po + ps = ps. 
Class 26. | pi| +| ps|. 
Class 27. | pi | = | p3|.—This gives another type of real group, the same 


as G; but with o,e* = oe". 


Type IX. Same as II but with p; = 
Class 28. |p| +| pal. 
Class 29. | pi| =| pal. 

Type X. Same as II but with p; = 


Class 30. | pi| + | ps|. 
Class 31. | Pl | a | P3 | ° 


Type XI and class 32. Same as II but with p; = p3 = ps. 
Type XII and class 33. Same as III but with p; = p;. 
Type XIII and class 34. Same as IV but with p; = py. 


These 8 types furnish 10 types of real groups, making 19 in all. 


$13. The associated quadratic complexes.—It is well known that in the case 
of the one-parameter group of type I, $11, the tangents to its path curves 
form a quadratic complex, commonly called the tetraedral complex. The six 
line codrdinates of the tangent to the path curve through (2z,, «++, 2,) are 
evidently given by expressions of the form 
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_ z, a; _|% %l_L g, XZ, py 2; 
Pii la; + dz; x, + dz, dx, dx; p; t, log p, pF x; log p, 
= 2.7, 65 "log 
a Sit Py P; £ ° 
pi 


They accordingly satisfy the quadratic equation 
(I) Api pss + Bors pos + Cpis pos = 0, 


when the coefficients are connected by the relation 
2 p 
A log = log” + Blog “ log“ +C log “log” = (0. 
Pl P3 Pi —s pa Pl p2 


The coérdinates of the tangent lines of the path curves for types II-V can 
be found in similar manner. They furnish quadratic complexes of the following 
types: 

II. Apis pis + Boy pss = 0, 
where 
p 


B P4 
A log @ log?* + = log “ = 0. 
°6 Pl ear - P3 


Api; + Bry Py = 9, 


P 3 
A | tow 2 | : = (). 


1 P1 P3 


where 


A ( pis Pos — Pris Pia) + Bpi2 Pu = 0, 
where 


1 1 
A(-+4, log) + Blog = 0. 
Pl “Pl Pl Pl 


Pir ( pos + pis) = Pis - L: 


The apparent form of these equations can be modified by means of the 
identity p12 P31 + Piz Paz + P14 P23 = 0. Each equation and the identity 
together constitute a pair of quadratic forms whose elementary divisors 
serve to classify the complex. The characteristics of the five types will be 
seen to be respectively [(11) (11) (11)], [(22) (11)], [(211) (11)],[(33)], 
[(321)]. The “ singular surface ” of the complex for Type I consists of the 
four invariant coérdinate planes. This invariant tetraedron degenerates in 
the four succeeding types, but the singular surface comprises those of the 
coérdinate planes which are invariant. 
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For types VI-XIII the tangents to the path curves form a special linear 
complex, inasmuch as the path curves lie in a pencil of planes and accordingly 
their tangents meet the axis of the pencil. We conclude therefore that there 
are just 5 types of quadratic complexes which consist of the tangents to the path 
curves of a continuous one-parameter collineation group. As under our first 
5 types of one parameter groups we distinguished various classes of real groups, 


so under our 5 types of quadratic complexes we may distinguish corresponding 


classes of real complexes, whose real equations are easily found. 


Mapison, WISCONSIN. 








BICOMBINANTS OF THE RATIONAL PLANE QUARTIC AND COMBI- 
NANT CURVES OF THE RATIONAL PLANE QUINTIC* 


BY 
J. E. ROWE 


Introduction. 


Each covariant locus of a rational plane curve contributes its share toward 
the covariant and invariant theory of rational curves of higher order by reason 
of the fact that osculantst of rational curves play the same réle in regard 
to rational curves as polars do in regard to binary forms. Especially is this 
true of covariant points and covariant lines of the rational curve of order 
n (which we shall call R") because corresponding to each covariant line or 
point of an R” is a series of covariant rational curves of any R*, where k > n; 
the parametric equations of these covariant rational curves are easy to obtain. 
In the first section of this paper a new kind of covariant locus is defined for 
R* and illustrated by important loci associated with the R*. Section II is 
devoted to combinant curves of the R®. The theory of combinant curves of the 
R° in the plane corresponds to the invariant theory of the R° in space; this 
correspondence is pointed out and illustrated. Finally a sufficient number of 
combinants and combinative m-ics of two line sections of the plane R° have 
been found to form the algebraic basis of an analytic treatment of combinant 
curves of the R° in the plane, which is shown to be identical with the invariant 
theory of the R® in space. 


Section I. Bicombinants of the Rational Plane Quartic Curve. 
Bicombinants. 


Combinant curves of R” have already been defined in these Transactionst 
as covariant loci of R" which are combinants of two line sections of the R”. 
Covariant loci of a slightly different kind are considered in this section, and 
as frequent reference to the above article is necessary, the letters used there to 
designate curves or expressions are employed with the same meaning in this 


* Presented to the Society, September 12, 1911. 
{See THomsen, American Journal of Mathematics, vol. 32 (1910). 
t Important Covariant Curves and a Complete System of Invariants of the Rational Quartlic 
Curve, these Transactions, vol. 12 (1911), pp. 295-310. 
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present article . Also the results obtained there will be used here often without 
specific reference. 
Let the R* be written parametrically 


(1) i= a;t'+ 4b;8 + 66,0 + jd;t +e; =fi; 
and the R” 
(2) a=a;t?+ nb;t".--- = fi. (4 =0, 1, 2). 


The combinant curves of an R” are expressible in terms of three-rowed de- 
terminants of the type 


ao bo Xo 
(3) jabe|=\ a, by 2% 
| Ae be ae 


by means of a translation scheme* already explained in detail and to be used 
also in the second section of this paper in considering a set of covariant 
curves of the R®. The combinants of the three binary forms f; are expressible 
in terms of three-rowed determinants of the type 


ao bo Co 
(4) labe] =!a, by |. 
(a2 be ee | 


There is a class of covariant curves of the R” whose equations are composed 
of terms which are combinations of determinants of the types (3) and (4). 
Evidently these are not purely combinant curves as already defined, and inas- 
much as such curves in form partake of the nature of the combinants of three 
binary forms as well as of the nature of combinant curves, they will be referred 
to as Bicombinant Curves, or Bicombinants, of the R". It may happen that 
a combinant curve and an invariant of the R” together form a bicombinant; 
thus combinant curves are special cases of bicombinants. Such functions 
may be derived as follows: Let the parameters of a set of covariant points 
on an R” be given by the binary form (¢)" = 0, whose coefficients are com- 
binations of determinants of the type (4); also let a combinative m-ic of two 
line sections be (é6t)” = 0, whose coefficients are combinations of determinants 
of the type (3); each of these binary forms is unaltered by a linear trans- 
formation of the x’s; hence any simultaneous invariant* of (7t)" = 0 and 
(6t)™ = 0 is a covariant of the R" and possesses the properties peculiar to 
bicombinants. We shall now apply this to the R*, 
For convenience let 


* Evidently any such function is unaltered by a linear transformation of the ?’s. 
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|aex|, 


II 
II 


|adx|, 


lacr|, p=|ber|, ¥ 


a=|abr|, 8B 
©) | 


a’=|dex|, B’=|bexr|, N=|cex|, pw’ =|edr|, & =| bdz|. 


Among these ten Greek letters the following identities exist: 


Bu — 6+ ap’ = O, Bw’ —Nita’s = 0, 
(6) ad’ — p’X+ yw = 0, a’ h— Br’ + yn’ = 0, 
aa’ + 76 — BB’ = 0. 
The expression 
(7) (B — 3u) P+ (y — 26) t+ (8’ — 3p’) = 0 


is a combinative quadratic of two line sections of the R*. The osculant cubic 
of the #* at a point ¢’ is an R® with three flexes on a line; if the equation of this 
flex line is formed and t’ made variable, the result is (7). Hence for a given 
value of t, say t;, (7) becomes the equation of the flex line of the cubic osculant 
at ¢,; for the codrdinates of a point (7) becomes a quadratic whose roots are the 
names of the two cubic osculants whose flex lines pass through the given point. 
These flex lines of cubic osculants envelope a conic which is given parametric- 
ally by (7). The discriminant of (7) is the point equation of this conic which 
in our notation* is called A — 12B=0. The conic on the flexes of the R* 
cuts out two other points which shall be called g;._ These are given by the 
quadratic 


(8) [2] acd | — | abe |} + [8 | bed | — | ace| ]t + [ 2| bee| — | ade|] = 0; 
for convenience let this be written 

(9) QO? + Qt+ Q=0. 

The condition for (7) and (9) to be apolar is 

(10) Ly = 2Qo (B’ — 3u’) + 2Q2 (8B — 3u) + (26— ¥) Qi = 0, 


a covariant line of the R*, the locus of points such that tangents from any 
point of it to the conic A — 12B = 0 are apolar to the quadratic (8), i. e., 
I, cuts out (8) on the conic A — 12B = 0. 

The R* has six flexes whose parameters are roots of the sextic 


(11) | abe | & + 2| abd | + [3 | acd | + | abe | Jt*+ [2] ace| + 4| bed|]# 
+ [3 | bee | + | ade | ]#@+ 2 | bde|t+ | cde|=0 


"5, 64% 3 
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A combinative sextic of two line sections is 


(12) af® + 3° + 3 [8 + 2u Jt + [y + 86] FO + 3[ 8’ + Qn’ JP 
+ 3N t+ a’ = 0: 


for a given t, say t,, (12) becomes the equation of the tangent to the R* at 
that point; for the coérdinates of a point it yields six roots which are the par- 
ameters of the six tangents from the given point to the R*. The apolarity 
condition of (11) and (12) yields a second covariant line which if reduced by 
identities of the type 


| abe | a’ — | abd | \’ = | bed | y — | aed | p’ 


(13) 


becomes the same as L;. Hence, the locus of points such that tangents drawn 
from it to the R* are apolar to the flexes is the line L,, which cuts out the q; on 
A— 12B=0. 

« Another set of covariants which can be expressed as bicombinants is illus- 
trated by the following example. The two tangents to A — 12B = 0 at the 
two points (9) may be found by substituting ¢, and f. in (7) for ¢, multiplying 
the resulting expressions, and replacing the symmetric functions of ft; and fy 
by the proper coefficients of (9). Calling the product of these tangents Q’ 
(evidently they are the flex lines of the cubic osculants of the points q;) we find 


Q’ = [87 — 6Bu+ 9u?] Q2 + [8” — 68’ uw’ + Ou" 1Q2 + [2 — 475+ 487] QoQ 
(14) — [By — 285 — 3ny + 6u5]Q,Q,— [8 y — 265 — Bu’ vy — 6n’5]Q,Q, 
+ [ 8’ — 3Bu’ — 38’ u+ Yup’ ][ Qi — 2Q,Q,] = 0. 

The following relation exists: 


(15) L? — 4Q’ = [Q? — 4Q, Q,][A — 12B]; 


this is simply the conic A — 12B = 0 expressed in terms of two tangents and 
the chord of contact; Q7 — 4Q, Q, = 0 is the condition for the two points q; 
to unite. If equation (12) had been used instead of (9), by the same process 
the equation of the two tangents to the R* at the points q; could have been 
obtained; in this manner many important covariants of R” can be expressed 


in bicombinant form. 

The apolarity condition of (9) cubed and (12) gives a covariant line L3, 
the locus of points such that tangents from it to the 2‘ are apolar to the points 
q; each taken three times. It is evident from geometrical considerations that 
the two q; are on this line when Qj — 4Q, Q, = 0. It will be shown that the 
covariant line of the R‘ which is on the g;, and two other points which we shall 
call r;, is a member of the pencil 
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(16) KL,+ 1; = 0, 
where L; calculated from (9) and (12) is 
Ls = 20[Q3a’ + Qa] — 30[Q2Q, Vv + Q2Q,A] 
(17) + 12[Q,.Q5 + Q5Q.)[8’ + 2u’] + 12[Q,Q05 + Q.Q2)[8 + 2u] 
— Q1Qi + 6Q,Q2][ 7 + 85] = 0. 


The methods used in finding the equation of the line determined by the q; 
are the same as those used to prove the two following theorems in regard to 
the R* in a new way. Two combinant curves of the R* are: 


(18) A = 1200’ — 48 uy’ + 7° + 168 — Sac’ — 868’ = 0, 
which is the conic touching the six flex tangents of the R*; and 
(19) B= — ph’ — Be’ — But & — ad’ = O, 


which is the equation of the conic described by the intersections of the flex 
tangents of cubic osculants of the R*. The parameters of the six flexes of the 
R* are given by equation (11), a binary sextic which is a simultaneous co- 
variant of the two binary quartics* which symmetrically represent the R*, 
or which form a pencil of binary quartics—the fundamental involution of the 
R*. Every covariantt of a binary form, or every simultaneous covariant of 


two binary forms can be obtained when its seminvariant, or leading coefficient, 
is given. Equation (11) is really the jacobian of the two quartics just referred 
to. Any member of the pencil of conics 


(20) A+ K’B=0 


cuts out a set of covariant parameters on the #*, and each octavic so obtained 
is a covariant of the two quartics of the fundamental involution of the R*. 
Hence, if any member of the pencil (20) can be found which cuts the R* in eight 
parameters given by a binary octavic whose leading coefficient is divisible by 
| abe |, the leading coefficient of (11), then equation (11) must be a factor of this 
octavic and the flexes of the R* must be on the corresponding conic of (20). Evi- 
dently any term in A or B involving 


(21) a, B, vy, or X 


cannot contribute a term towards the coefficient of ¢ of the binary octavic. 
Neglecting the terms of A and B which involve the letters (21), we have 

*W. F. Meyer, Apolaritdt und rationale Curven, p. 9. 

{7 Satmon, Higher Algebra, Fourth Edition, Lesson XIII, 13. 


Trans. Am. Math. Soc. 25 
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(22) A = — 48up’ + 166°, 
(23) B= — pw’ — But ®&. 
The combination 

(24) A—16B=0 


is a member of the pencil (20) cutting out of R‘ eight points given by a binary 
octavic whose leading coefficient* is divisible by | abe |. Hence (24) is the 
conic on the flexes of the R*. Incidentally, this amounts to a proof of the 
fact that they do lie on a conic. Also, if without imposing a condition on the 
curve we find that one of a covariant set of points lies on a particular covariant 
curve, all of this set lie on the curve. If the parameters 0 and © are assigned to 
the points of contact of a double tangent, the equations of the R* may be made 
to assume the form 


to = aot! + 4bo# + Get? + Adot, 
(25) = 4b,8 + 6e,2 + 4d,t+ e1, 
rt2 = 6¢2 t? . 


Calculating the values of the determinants (5) for the point (0 10), we find 


(26) A= — 48’, B= —uwyp’. 
The conic 
(27) A-—-48B=0 


is on one point of contact of a double tangent and must be on all such contacts. 
These two proofs illustrate the methods to be used in finding the equation 
of the covariant line on the q; and the process employed in the second section 
in finding the equation of the combinant cubic on the flexes of the R°. 
Applying what we have just stated to the pencil of lines (16), we find that 
I,, the covariant line of the R* on the q;, is defined as follows: 


(28) L,+ 4(Q; — 40,9.) L, = 5D,. 
Hence, 
L, = 4[Qia’ + Qa] — 6[Q2Q,N + QEQ,21 + [4Q, 9% — 402 Q 18’ 
(29) + [40,Q7 a 40, Q:18 + 2405 Qu’ +> 240,Q2 u ia 16Q,Q,Q26 


+ [20,2:9.— Qi]y = 0. 


If the parametric equations of the R* are substituted in (29), and (9) factored 
out, we find the two r; are given by the quadratic 


* By the same reasoning it may be shown that the two q; are on the conic (24). 














1912] PLANE QUARTICS AND QUINTICS 393 


[4Q2 | ade |+ 6Q,Q: | ace | +4 (Q?—Q,Q,) | abe | +24Q?| abe | +240, Q, | acd | 

— 16Q,Q,| abd |] @ + [16Q? | bde | + 16Q? | abd | — 240, Q, | bee | 

(30) — 240, Q, | aed | — 4Q,Q,| abe | — 4Q,Q, | ade | + 96Q, Q, | bed | 
+ 6Q, | ace |]t+ [4Q2| abe| — 6Q,Q,| ace | + 4(Q? — Q,Q,) | ade | 

+ 249? | ede | + 24Q2Qo | bee | — 16QoQ;| bde |] = 0. 


The condition for (9) and (30) to be harmonic is C;, i. e., the condition for four 
collinear flexes. Hence, when the conic A — 16B = 0 degenerates,* four 
flexes are on one line and the two remaining flexes and the two q; on the other, 
the latter two flexes and q; being harmonic, since a simple substitution shows that 
in this case the r; coincide with the two flexes on the line with the q;. 


A Covariant Point of the R‘. 


The intersection of Z; and L; is a covariant point P of the R* , which possesses 
the following properties: (1) the six tangents from P to R* have their parameters 
apolar to the flex parameters and to the parameters of the g; each taken three 
times; (2) the line cutting out the two q’s on R* passes through P; (3) the line 
cutting out the two q; on the conic A — 12B = 0 passes through P. 

The parameters of the two points on A — 12B = 0 whose tangents to 
A — 12B = 0 meet at P can be found by solving (10) and (17) for xo, 21, 
and x2 and substituting these values in equations (7). The result is a quadratic 
in t whose roots are the required parameters. The coérdinates of P are of 
degree 16 in the coefficients of the parametric equations of the R*; hence the 
quadratic just mentioned has coefficients of degree six in the three-rowed 
determinants of the type | abe|. Since this quadratic is apolar to (8), the 
line cutting out the parameters which are its roots on A — 12B = 0 passes 
through the intersection of the tangents to A — 12B = 0 at the two points 
qi- If we recall that the q; and the flexes of the R* lie on a conic (A—16B=0), 
and that the flex parameters are given by the jacobian of two binary quartics 
whose third transvectant yields the parameters of the g;, the properties found 
for P become more interesting because they suggest the possibility of con- 
structing six points which are related to six other points and to two associated 
points in the same way that the six points of contact of tangents from P to 
R‘ are related to the six flexes and the two q;. 





*See A. Britt, Mathematische Annalen, vol. 17 (1880). In this article Brinn 
shows that if an R* has three flexes on a line, it must have four on the line. 
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Bicombinant Conies. 


Adjoint curves of R" are curves which pass through the nodes and certain 
other points necessary to account for their complete intersection with the R”. 
For instance the adjoint conic of the R* cuts in six nodal parameters and in 
two other points, say S; and 7; ; if S; and 7, are definite points then this curve 
is known as the adjoint conic of the R* through the points S, and 7), or simply 
as the adjoint of S; and 7); if the conic cuts out the nodes and touches the 
R‘ at S;, the conic is called the adjoint of S,;. An adjoint cubic of the R* 
cuts out the nodal parameters and six other points. Hence for every pair of 
points on the R* there is a definite adjoint conic; for every set of six points 
there is a definite adjoint cubic. In general such curves are not covariants 
of the R*, but if the points other than the nodes which are cut out of the R* 
by an adjoint conic or cubic happen to be a set of covariant parameters on the 
R‘, this adjoint is certainly a covariant curve of the R* as it cuts the R* in 
only covariant points. Stahl* has indicated how the adjoint curves of orders 
n — 1 and n — 2 of an R* can be written down as determinants of order 
3n — 2, although he says nothing of covariant adjoints. There is a definite 
conic on the nodes and the points q;; a second conic on the nodes and the 
points r;, and a definite conic on the nodes and any covariant set of points 
given by a quadratic. The adjoint of the q; will be written out in bicombinant 
form, and any other may be obtained by substituting instead of Qo, Qi, and 
Q2 the corresponding coefficients of any other quadratic whose roots are a 
pair of covariant parameters. 

The bicombinant conic on the nodes and the points q; of the R* of equation 
(1) is 

24 | abe | (36\” — 96a’ up’ — 16a’ B’) 
— 16| abd | (248’ ’ — 64a’5 — 4a’ y) 
+ 4| abe | (168”—96a’ u— 6X’ 7 )+ 24| acd | ( 6d’ y— 16a’ B) 
— 6 | ace | (48’ y — 24a’ X) + 4| ade | (7? — 16aa’ ) 
96 (| abe | a’ y + | ede | ay) — 256 (| abd | a’ B+ | bde| a8’) } 
(32) + Qi 74 — 16 (| abe|B’y + | ade| By) + 96(| abe | Br’ + | ade | B’r) 
+ 576 ( | acd |a’d+ | bee | ad’) + 6| ace | (y* — 36d’) J 


- | ede | (36°—96au — 16a8 ) — 16|bde| (248 — 6406 — dey ) 





+ Qe | + 4| ade | (168 — 96ay’ — 6rAy) + 24| bee | (6X7 — 16a8’) - = 
— 6| ace | (4By — 24ad’) + 4| abe | (7? — 16aa’ ) 


*Mathematische Annalen, vol. 38 (1891), pp. 583-4. 
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Bicombinant Cubics. 


Corresponding to each set of six covariant parameters on the F* is a definite 
covariant cubic cutting out these and the nodes from R*. Hence the cubic on 
the nodes and flexes of the R* can be found in this way. Also the adjoint 
cubic of the nodes themselves is simply the equation of the three lines forming 
the natural reference triangle of the R*. This cubic cuts out of the R* the 
nodal sextic counted twice. We shall write out the equacion of the cubic on 
the nodes and flexes of the R*, understanding that the six flex parameters are 
given by 


(33) Fo + FiO+ Fottt+ F3@+ Fel + F3t+ Fy = 0. 


Its equation is 


f F (ptiew y5— 488’ \’ y—768a’ B’ uw +648" 74.144yy’ M ‘+ 864" mM 
0 


— 384 en a 3040" pu ‘) 
96a’ B’ + 5760’ p’ d — 216\X” — 16a’ By — 256a’ 86 + 9688’ d 
+ F; = 
+ 6770 + 96a’ yu — 168” oY 
Pe (~ 64aa’ B’ — 384a0’ yp’ + 144ar” + 64a’ B? — 248 yn’ 
— 24a’ yr + 48" 

( (32aa’ y + 256aa’ 6 — 96a8’ ’ — 96a’ BA + 36AN y — ¥*) ») 
+ 
3 + Fy ( ) + Fs ( ) + Fe ( 


evidently the covariant combinant cubic on the nodes and any set of six co- 
variant parameters can be obtained by substituting the coefficients of the 
sextic yielding these covariant parameters for the F’s in (34). Equation (30) 
squared multiplied by (9) gives a sextic; if the coefficients of this sextic be 
substituted in (34) for the F’s, the result is a covariant bicombinant cubic 
cutting out the nodes, qg;, and touching the FR‘ at the points r;; the cube of 
equation (9) substituted for (33) makes (34) a covariant bicombinant cubic 
on the nodes, osculating the R* at each point q. 


(34) 4 





Section II. Combinant Curves of the Rational Plane Quintic and Their 
Relation to Invariants of the Rational Quintic Curve in Space. 


Let the R® be written parametrically 


(1) a; = a; + 5b; 4 + 10c;# + 10d; + 5e:t + fi (i =0, 1, 2). 


# Coofficients of Fy, F;, and Fs are obtained by exchanging primed and unprimed letters in 
F, ’ F ly and F G- 
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Cutting (1) by two lines 

(2) (gr) =0 and (nr) =0 

we obtain the two binary quintics 

(3) (at)® = (a&) + 5 (bE) H+ 10 (cé)F--- = 0, 
(4) (At)? = (an) + 5 (bn) t*--- = 0. 


The combinants of (3) and (4) are expressible in terms of two-rowed deter- 
minants of the matrix 


(az) (bE) (ec) (de) (ee) (FE) 
(an) (bn) (en) (dn) (en) (fn)|\ 


If xo, 21, and x2 are substituted for the codrdinates of the point in which the 
lines (2) intersect, any two-rowed determinant of (5) becomes a three-rowed 
determinant; for instance, 


(5) 


ao bo Xo | 


|(ag) (bE) | 
(6) | becomes (gq bh % 


(an) (bn) | | | 
{ 


= | abx| 
| a2 be v2 


by this process. Hence following out this scheme of interpretation, we have 
Covariant Curves of the R® corresponding to combinants of (3) and (4). 
The following abbreviations will be found convenient: 


=|abr|, B=|acr|,° y =|adx|, 6 =|aer|, X=|ber|, 
lefx|, B=|dfz|, y'=|efx|, # =|bfx|, v= |dex|, 
=|bdr|, w’=|cex|, p=|afx|, g=|ber|, x = |cdz|. 

Among these Greek letters exist the identities 

paa’— 6’ +Ye=0, BR’ — yy +¥x=90, vy — mu’ +ox=0. 

ax—Butyp=0,) a’x’— py’ +7'Vv=0, 

an’ —Betb.=0, a’ p—P'ot+snv =), 

(8) Jay’ — Bi +yr=0, a y— p+ W'=0, 

an’ —yotuwi=0, a dA— 7 etn =0, 

ap’ — yi’ +yw=0, a B— 75+ w=), 

LB — yw’ +x = 0, BrA—yutix=O0. 





The first transvectant of (3) and (4) or their jacobian is 
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al® + 48f + (6y + 10) + (46+ 20n) t+ (y + 15¢+ 20x) #4 


(9) 
+ (48’ + 20y’) B+ (6y’ + 102’) + 48't + a’ = 0; 


for a given ¢ this becomes the equation of the tangent to the R° at that point; 
for the codrdinates of a point it yields the parameters of the eight tangents to 
the R° from the given point. 


The third transvectant of (3) and (4) is 
(10) (vy — 3d) t+ (26 — 4) P+ (¥+ 9 — 8x) 
+ (26’ — 4p’ )t+ (y’ — 3X’) = 0: 


the osculant cubic of the R® has three flexes on a line, and if #; is substituted 
in (10) for ¢ the result is the flex line of the cubic osculant at the point ¢,; for 
the codrdinates of a point (10) yields the parameters of four points, the flex 
lines of whose cubic osculants are on the given point. These flex lines of cubic 
osculants envelope a rational class curve of order four which shall be referred 
to as the p‘ of the R®. From (10) the parametric equations of this p* are 
g= [ (ay dy ) —% (bye ) t+ [2 (dy €y ) =-4 (b, d,))# 

(11) + [(aufe) + (dues) — 8 (eudy)] + [2 (bufo) — 4(euev) Jt 

+ [(cufo) — 3 (due) | (i, u,v =0, 1,2). 


This curve is of the fourth class and sixth order and is therefore a rational 
sextic with six cusps. 

The fifth transvectant of (3) and (4) is 
(12) P= y-—5¢+ 10x = 0= DP’; 


this is the well-known covariant line of the R°® which cuts out a set of the 


fundamental involution. 
Twelve times the go of (10) we call Q; hence 


Q = 1277’ — 36 (yr’)* + 1O8AN’ — 1288’ + 24 (ud!) — 48yp’ 


(13) 
+ (¥ + ¢— 8x)? = 0; 


this is the conic on the cusps of the p*. 
One hundred and forty times the ge of (9) we call 7, and we find that 
(14) 3T = 28P? — 259; 


evidently any two members of this pencil of conics may be so combined as 
to form the covariant line squared, hence this pencil of conics has double contact 
and the covariant line P is on the two points of contact. 


* Such an expression as y\’ when in parenthesis carries with it the conjugate expression y’d. 
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Two hundred and sixteen times the g3; of (10) we call D3, which written in 


full is 


D; = (W+ ¢ — 8x) [36rvy’ — 108 ( yr’) + 324an’ + 1868’ 


(15) — 36 (ws!) + 72uy"] — 54 (ys) + 216 (u's y) — 216 (u" y) 
+ 162 (5) — 648 (u's) + 648 (Aw”) — (¥+ eo — 8x)? =0. 


Calculating an invariant of the third order in the coefficients for a binary 
octavic written in the usual way with binomial coefficients, I find 


T3 = agayas — 4 (apasaz + aazag) + 3 (apas + azas) 
(16) — 8 (a, 03065 + a203a7) + 12a; a4a7z — 22as a4 O16 
+ 24 (a2 a2 + aj ag ) <a 3603 a4 a5 + l5a} = @. 
Every binary octavic has a covariant octavic of degree two in its coefficients, 
which yields eight points whose fourth polars as to the octavic are self-apolar 
sets. The apolarity condition of this covariant and the original octavic is a 
multiple of the above invariant. Applying what has been stated to (9), we 
find that if 14° - 25/; is called 3H, 
3H = (5¥ + 75¢ + 100x) [196a0’ + 58888’ — 19877’ — 330(yr’) 
— 550AX’ — 3656’ — 180 ( ud’) — 900up’] — 9,800 ( af’ 5’) 
49,000 (a6’ p’) + 9,450 (ay’’) + 31,500 (ay’ d’) 
+ 26,250 (ad”) — 4,200 ( Ba’ y’) — 7,000 ( Bn’ 3’) 
21,000 ( Bu’ y’) — 35,000 ( By’ X’) + 1,800 ( 76”) 
+ 18,000 ( yu’ 5’) + 45,000 ( yu”) + 3,000 (r8”) 


+ 30,000 (u’ 6’) + 75,000 (Au”) + 3(¥ + 15e + 20x)? = 0. 
The quartic osculant of the R° at a point ¢’ is 


a= (a+ b;)A+4(bt +e¢)F+6 (et +d)? 


(18) 
+4 (dit +e)t+ (et +fi) (¢=0,1,2). 


This is an R*, and if the conic A as described in Section I is formed for (18), 
the result will involve ¢’ to the fourth power; making ¢’ variable we obtain 
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[126y’ — 48rx + 6 + 16yu2 — Sy¢e — Sad’] t' + [128y' + 48n’ 
+ 4yp’ — 36dAu’ — 16ux + 24ug + 25y + Big — Sas’ — Syd’) # 
+ [468’ + 4yy’ — 44a’ + 12 ( yd’) — 32x? — 24uy’ — 660’ 
+ P+ 2e + 9¢* + 32¢x — Sana’ — 8 (ud’)) O + [128" 7 
+ 48’ + 47/ uw — 36N uw — 6p’ x + 24y’ o + 25 yy — Gi’ ¢ 
— 8a’ B — 87’ 5] t+ [128’ wu — 480’ x + 6” + I6u” — Sy’ ¢ 


— Sa’ d] = (0; 





for a given t, (19) becomes the equation of the conic on the flex tangents of 
the osculant quartic at that point; for the codrdinates of a point, (19) becomes 
a quartic whose roots are the parameters of four osculant quartics whose 
conics A are on the given point. Likewise, by using the conic B we obtain 
from (18) by the same process 


[Bui — ¥x — yx — eA + Ww — ad’) t+ [By’ — wdX+ Gu — 5x 
— 8’ — of’) B+ [yy — aa’ — A’ — py’ — (nd) + IE 
+ [By — w+ gw — i x—-NG— a’ Bltt+ [Pu—- x 


—yx-— +n" —a’d] =0; 


for a given t this becomes the conic B for the osculant quartic at that point; 
for the coérdinates of a point, (20) becomes a quartic whose roots are the para- 
meters of four osculant quartics whose conics B are on the given point. Both 
(19) and (20) are combinative quartics of two line sections of the R°. Six 
times the apolarity condition of (10) and (19) we call A3, and six times the 
apolarity condition of (10) and (20) we call Bs. These combinant cubics are 
expressible in terms of P, Q, D3, and H, which are not connected by any 
linear relation. We find that 


(21) 46,250B; = 1,375D; — 81H + 4,250PQ — 2,744P%, 
and 
(22 7,875A;3 = 125D; — 162H + 13,650PQ — 5,488P*. 


It is much easier to work with A; and B; than with D3; and H , hence other com- 
binant cubics will be expressed in terms of A;, B;, P, and Q. 

Every binary octavic has four points whose second polars as to itself form 
self-apolar sets. These points are given by a quartic covariant of degree 
two in the coefficients of the octavic. Forming this covariant for (9) and 
requiring it to be apolar to (10), the resulting condition is proportional to 
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(23) 27PQ — 170B; — 30A; = 0. 


If equation (9) is required to be apolar to the square of (10), the condition 


may be expressed as 
(24) 130B; — 54; + 8PQ = 0. 


Of course, we know from the theory of the binary quartic that the condition 
for (10) and its Hessian to be apolar is a multiple of D;. Also, applying to 
any member of the pencil of conics A + KB = 0 the same process as was 
applied to A would yield a combinative quartic of two line sections whose 
coefficients are of the same degree as (19); requiring any one of these to be 
apolar to (10) would yield a combinative cubic expressible in terms of A; 


and B;. 
Cubic on the Flexes of the R*. 


In general no relation of the form 
(27) aH + bD; + cP? + dPQ = 0 


exists, as may easily be shown by making b; = e; = 0 in (1) and comparing 
the resulting values of the letters used in (27). But if we can find a cubic of 
the system (27) that cuts out one flex without imposing any condition on the 
curve, this cubic cuts out all the flexes. We find only one system of values of a, 
b, c, and d which satisfy these conditions; hence there is only one combinant 
cubic on the flexes of the R®. Its equation may be written in either of the 
following forms, 


(28) 81H — 3,125D; + 2,296P* — 2,100PQ = 0, 
or 


(29) 375A3 — 7,875B; — 100PQ — 32P* = 0. 


The Flex Tangents of the R°. 


The product of the nine flex tangents of the R*® can be obtained by finding 
the condition that there shall be a member of the pencil 


(30) (at)® + k (st)® = 0 


which contains a cubed factor. This condition is imposed by requiring the 
vanishing of the matrix 
ai aa, as 
(31) (at )’(pt)*| i 
By B, Bz, By 


that is, a value of ¢ must simultaneously satisfy the three sextics 
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ai A; Ay ay 
(at)*(Bt)®) =0,  (at)®(t)? 
(32) (By BB, 1 
a,a@ a. 
(at)®(at)?) 
B,8, Bs 


If it is understood that the translation scheme explained in the first part of 
this section has been carried out, these sextics of (32) can be written in the 
form 


at® + 38+ (3y+ 6r) t+ (6+ Su) P+ (34+ 6x) P+ 3y’t+ nr =0. 
BE + (37 + 3d) + (36+ 9u) t+ (+ 9¢4+ 8x) # 

+ (35’ + 9u’)P + (37'+ 3n’ )t+~’=0, 
ro + But? + (3e+ 6x)tt + (8 + Su’ E+ (37 + ON E+ 38’t+ a’ =0. 


(33) 


If equations (33) are multiplied by ¢, and then by @, we obtain 6 equations 
which together with any two of (33) may be solved for @, ¢’, , #,#, 8,8, 
and ¢, and these values substituted in the third equation of (33). Evidently 
this is the same as the 9-rowed determinant of the 9 simultaneous equations 
in eight variables obtained in the above way. The method used here for 
finding the equation of the 9 flex tangents of the R° can be used for finding 
the product of the 3n — 6 flex tangents of the R”, the general application 
being so obvious that a formal statement is unnecessary. 

The point equation of the R° is obtained as the eliminant of (3) and (4). 
As Salmon gives this explicitly as a five-rowed determinant,* it need not be 
given here. The work of finding combinants of (3) and (4) could be extended 
indefinitely, but we believe that those already written out together with 
invariants and simultaneous invariantst of equations (9), (10), (19) and (20) 
are a sufficient algebraic basis for the analytic treatment of covariant com- 
binant loci of the R® in the plane, which is the same as the invariant theory of 
the R® in space. Hence we shall point out this relation between the combinant 
curves of the R® in the plane and the invariants of the R® in space and illustrate 
the principle by means of several examples. 


*Satmon, Higher Algebra, Fourth Edition, p. 82. 
+ Extensive use can be made of the system of combinants of two binary quartics found in 
Satmon, Higher Algebra, Fourth Edition, pp. 219-223. 
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Invariants of the R° in Space. 


It is shown in MeyYer’s Apolaritét und rationale Curven* that every R” in 
d dimensions is symmetrically represented by n — d binary forms of order n; 
when n — d = 2 this means that two binary forms of degree n symmetrically 
represent a R” in n — 2 dimensions; that is, two binary quartics symmetrically 
represent an J?‘ in the plane; two binary quintics symmetrically represent the 
R® in space. In the plane all line sections of the R* are apolar to the pencil 
of quartics which symmetrically represent the curve; in space any linear com- 
bination of the two binary quintics which symmetrically represent the R° 
in space is apolar to all plane sections of this R®. By the application of 
Grassmann’s theorem it is possible by a simple substitytion to obtain the com- 
binants of the two binary quintics associated with the R° in space from two 
other binary quintics; taking the latter two binary quintics as (3) and (4), the 
combinants of the two former quintics which are invariants of the R® in space 
are obtained in the following manner. Let the two binary quintics (3) and 
(4) be rewritten in the form 


at? + 5bt* + 10c#?+ 10d? + Set + f = 0, 


(34) ' 
a’ t? + 5b’ 4 + 10c’ P+ 10d’? + 5e’ t+ = 0; 


let the parametric equations of the R® in space be written without binomial 
coefficients in the form 
(35) ex=a?+b4+¢F +d +et+f; (i =0,1, 2, 3). 


The matrix of coefficients of (34) is 
(36) 


the matrix of coefficients of (35) is 


| do bo Co do 


lla, b cy dy 


| a2 bo C2 dy 


| a3 bs C3 ds 


If for any two-rowed determinant of (36) the four-rowed determinant of 
(37) (obtained by striking out the two columns of (37) which contain the 


* See in particular § 3. 
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letters of the two-rowed determinant of (36)) is substituted, the combinants 
of (34) become the combinants of the two binary quintics which symmetrically 
represent the R® in space, and are actually invariants of this curve. The 
scheme of substitutions which must be made to transform the combinants 
of (3) and (4) into invariants of the R° in space whose parametric equations 
are (35), is obtained from (7) and is 


a=|cdef|, B=|bdef|, y= |beef|, 6 =| bedf|, d adef |, 


(38) a’ =|abed|, B’ =| abee|, y’ abde|, 6’ = | acde|, ’ = | abef |, 
w=l|acef|, vw’ =|abdf|, p= |bede|, yo =| acdf|, x = | abef |. 


If these substitutions are made in the combinants of (3) and (4), the trans- 
formed expressions are invariants of (35). By the same transformation 
equations (9), (10), (19) and (20) become binary forms whose roots are sets 
of covariant points on (35). A very artificial algebraic interpretation could 
be given to all the combinants of (3) and (4) and to the sets of points repre- 
sented by (9), (10), (19) and (20), but this would be mere pedantry. It is 
the purpose of this paper to form an algebraic foundation for analytic work, 
and geometrical interpretations are a secondary consideration. In order 
however to illustrate more fully the significance of the work, several applica- 
tions which appear more or less on the surface are in place. 

The combinant P transformed by (38) becomes the condition for the two 
quintics which symmetrically represent (35) to be apolar; each of necessity 
is self-apolar; these two quintics are apolar to all plane sections; hence P as an 
invariant of (35) is the condition for sets of the fundamental involution on 
(35) to be cut out of the R® (35) by planes on a line. The eliminant of (3) 
and (4) as an invariant of (35) is the condition for the R® to have a pentatactic 
plane or a plane cutting in 5 consecutive parameters. The equation (9) by 
means of (38) becomes the equation whose roots are tetratactic planes of the 
R°. The discriminant of this octavic breaks up into two factors, one of which 
is the invariant just mentioned; the other factor is the transform of the 9-flex 
tangents of the R° in the plane, and its vanishing conditions the correspondent 
of the cusp in the plane for the R® in space. 

The conditions for the R® of (35) to have a node may be imposed by making 
a; = f; in (35), for then 0 and © are two different parameters which yield the 
coérdinates of the same point. This condition* makes 

Me 
(39) 
a B=y7', P=y7, 


* The identities (8) hold after the transformation (38) is made. 
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in (38). Let us call the J; of equation (20) G and 12 times the J, of (20) NV. 
Also, let 

(40) 12K=Q-FP 
and 


(41) 3J = K*?*— N. 


The conditions for (35) to have a node may be put in the form 


(42) K* — 72KJ + 216G = 0; 


for (42) is satisfied when the conditions (39) hold, but is not true in general. 


DARTMOUTH COLLEGE, 
June, 1912. 





